
論文要旨

レーザの発明以来，高強度の光場が実験室レベルで容易に達成できるようになり，
光と物質の相互作用に関する研究は大いに進展してきた．その中でも光共振器はレー
ザの構成において最も重要な役割を果たしている．共振器内部で条件を満たす光周波
数は効率的に閉じ込められ，光エネルギーは急激に増大する．近年，理論発展と作製
技術の向上にともなって，光共振器を非常に小さく作れるようになった．そのような
デバイスは微小光共振器とよばれ，ごく微小な体積に非常に効率よく光を閉じ込める
ことが可能になった．本論文は微小光共振器を用いて，光と物質の相互作用の一つで
ある三次非線形光学効果に関する研究成果をまとめたものである．特にこれまで十分
に理解が進んでいるとはいえなかった光のモード間相互作用との関係について焦点を
当てた研究を中心に背景から理論に至るまで詳細に記述している．本論文が微小光共
振器の新たな可能性を見出し，一層広げるための一端を担うものになるものであれば
幸いである．
第 1章では本論文の概要と目的を簡潔に述べる．
第 2章では高 Q値微小光共振器と非線形周波数変換の基本理論を中心に導入を

行う．
第 3章では高Q値微小光共振器におけるモード結合について実例を交えながら紹

介する．
第 4章では対向する光のモード結合が非線形周波数変換にどのような影響を与え

るかという研究について，理論と実験の両方の側面から議論する．
第 5章ではモード結合を利用した正常分散ダークソリトンに関する新たな数値シ

ミュレーションを示す．
第 6章では第三次高調波発生による青色光発生に関する研究を述べる．
第 7章では四光波混合と誘導ラマン散乱の利得の遷移について計算結果と実験結

果を対比させながら議論を進める．
第 8章にて本論文の総括として，結論と展望を述べる．
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Abstract

Since laser technology has been developed, high intensity optical field can be achieved
even in a laboratory, and it developed the study on light matter interaction. In
particular, an optical cavity plays most important role in a laser device. Light which
satisfies a resonance condition in the cavity is efficiently confined into the cavity field,
an energy of the light drastically increases. Recently, with development of both
theories and fabrication techniques, optical cavities get smaller into chip scale. Such
devices are called as microcavities, and they can confine the light into small mode
volume. This thesis summarizes research on third-order nonlinear optical effects
(which is one of light matter interactions) in optical microcavities. Particularly, this
thesis describes mode interaction between different cavity modes from background
to novel theory in detail. I hope this thesis brings out the potential possibility in
optical microcavities.
Chapter 1 describes an outline and objective of the thesis.
Chapter 2 describes fundamental background of high-Q optical microcavities and
nonlinear frequency conversion.
Chapter 3 discusses basic theory of mode coupling in high-Q microcavities. Chap-
ter 4 discusses a study on effect of mode coupled counter-propagating light on non-
linear frequency conversion.
Chapter 5 proposes new numerical simulation of mode coupling assisted normal
dispersion Kerr comb generation.
Chapter 6 reports continuous-wave blue light generation via third-harmonic gener-
ation.
Chapter 7 presents transition between four-wave mixing and stimulated Raman scat-
tering, comparing numerical simulation and experimental results.
Chapter 8 describes conclusion and outlook.
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Chapter 1

Introduction

1.1 Thesis outline and objective

High quality factor (high-Q) microcavities have attracted great attentions since they
allow us to compensate for small nonlinear coefficients and achieve frequency con-
version with low input power thanks to the strong enhancement of light. Recently, a
microcavity-based frequency comb (Kerr frequency comb) and other various nonlin-
ear frequency conversions, which require only a continuous-wave pump and a high-Q
microcavity, have been demonstrated, and the technology is now expected to realize
a compact, low-energy consumption, novel light source. This thesis describes non-
linear frequency conversion and mode coupling in high-Q whispering gallery mode
microcavities. Mode coupling in optical microcavities can be interpreted as energy
transfer between different resonance modes, and it sometimes plays an important
role on observed nonlinear frequency conversions.

The objective of this thesis is to investigate the nonlinear optical effects and
mode coupling in high-Q optical microcavities. Mode coupling (which is interpreted
as an energy exchange) between different longitudinal and transverse modes impacts
positive or negative effects on nonlinear frequency conversions such as Kerr comb
generation, stimulated Raman scattering and third-harmonic generation; however,
there is still need for further study of the interaction between these effects. The
experimental and numerical investigation performed in this work aim further under-
standing of new mechanisms and behaviors lying on fundamental phenomenon in
Kerr comb generation in optical microcavities.

1.2 Chapter overview

This thesis is organized as follows:
Chapter 2 introduces background of high-quality factor optical microcavities and
nonlinear frequency conversion.
Chapter 3 describes basic theory of mode coupling in high-Q microcavities. In
addition, we introduce specific example of mode interaction between different cavity
modes, which plays key role in nonlinear frequency conversion.
Chapter 4 discusses a study on effect of clockwise and counterclockwise mode cou-
pling on Kerr comb generation. This work reveals the relationship between inherent
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CHAPTER 1. INTRODUCTION

mode coupling and Kerr comb generation in high-Q whispering gallery mode micro-
cavities.
Chapter 5 describes numerical simulation of mode coupling assisted normal dis-
persion Kerr comb generation. Nonlinear coupled mode equation including mode
coupling effect between two different mode families allows rigorous simulation and
analysis of phase-matching condition.
Chapter 6 reports third-harmonic blue light generation via higher order disper-
sive effect. Kerr clustered comb and dispersive wave enabled by precise dispersion
engineering generates broad bandwidth visible light emission in silica toroid micro-
cavities.
Chapter 7 presents transition between Kerr comb and Raman comb in a silica
microcavity which has a large free-spectral range. Gain switching from four-wave
mixing to a stimulated Raman scattering selectively occurs by changing the driving
power, coupling, and laser detuning.
Chapter 8 summarizes this thesis.
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Chapter 2

Introduction to high-Q optical
microcavities for nonlinear
frequency conversion

A high-quality factor (Q) optical microcavities are ideal platforms for
observing nonlinear frequency conversion processes in micro- and milli-
meter scale optical devices. High-Q factor exceeding 1 million enable to
observe second- and third-order optical nonlinear effects with low pump
power, and such system attracts great interests with respect to low energy
consumption, portability, and mass production. Various optical nonlinear
effects can be observed by using various kind of optical microcavities,
which have different properties such as material, size, structure, etc.
Here, we review a variety of nonlinear frequency conversions observed
with high-Q microcavities.
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CHAPTER 2. INTRODUCTION TO HIGH-Q OPTICAL MICROCAVITIES
FOR NONLINEAR FREQUENCY CONVERSION

2.1 Optical microcavities

Optical microcavities indicate micro- and milli-meter size optical cavities, which
usually have a high-Q factor and a small mode volume [1]. Q-factor is an index which
shows the efficiency of storing light inside the cavity, and is given by multiplying
angular frequency of light and photon lifetime. Cavity mode volume indicates a
region where propagating light is confined, and therefore small cavity has small mode
volume. There are several types of microcavities; whispering gallery mode (WGM),
ring resonator, Fabry-Perot, and photonic crystal microcavities [1]. In particular,
whispering gallery mode originally describes a phenomenon where the acoustic wave
propagates along inside of the wall, which is firstly observed in 1878 at St Paul’s
Cathedral, London. In 1989, high-Q whispering gallery mode in optical wave was
demonstrated using silica microsphere [2], which can be fabricated by melting the
tip of optical fiber, and now, many kind of WGM optial microcavities have been
developed thanks to great efforts.

Optical ring microcavities have equidistantly spaced resonance frequencies de-
termined as:

ωm = mc/neffR (m : integer) (2.1)

mλm = 2πneffR (2.2)

where ωm is the angular frequency of the m-th longitudinal mode (λm is the wave-
length), neff is the effective index of mode, and R is radius of the ring. Here, we
define the cavity roundtrip time TR:

TR =
2πneffR

c
=
L

vg
=

1

νFSR
(2.3)

where L = 2πR is the cavity length, vg = c/neff is the group velocity (c is light
speed in vacuum), νFSR is the cavity free-spectral range (FSR). From above, we find
that the cavity FSR is determined by the cavity size and refractive index, however,
resonance frequencies are not strictly equally distant in real system because of the
dispersion of the material and cavity structure which will be described in detail later.

Here, I introduce attenuation coefficient α of the electric filed amplitude with
respect to 1-roundtrip of cavity as:

α = exp(−αr · L) (2.4)

where αr is the attenuation per unit of length, and the attenuation per unit of time
is described as αt = cαr. Cavity lifetime τp is defined as the time which electric field
amplitude decays to 1/

√
e of the original amplitude [electric field intensity decays

to 1/e (∼ 37%) of the original intensity] as follows:

τp =
1

2αt
=

1

2cαr
, (2.5)

therefore, the decay of electric field amplitude at an arbitrary time is described as,

α = exp

(

− t

2τp

)

. (2.6)
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2.1. OPTICAL MICROCAVITIES

Quality factor is well related to the above discussion about decaying time of
optical field, and can be evaluated by the relation between the stored energy Ecav

and dissipated energy Ediss per unit of optical period, which is corresponding to
dissipated power Pdiss = νEdiss:

Q = 2π
Ecav

Ediss
= 2πν

Ecav

Pdiss
= ωτp. (2.7)

Quality factor can also be estimated by following relations:

Q = ν/∆ν = λ/∆λ. (2.8)

where ν, λ, ∆ν and ∆λ are the resonance frequency, the resonance wavelength,
and the full-width of half-maximum (FWHM) of the linewidth of the transmission
spectrum in the frequency and wavelength domain, respectively.

More detailed discussion on quality factor, optical power, and coupling between
cavity and external waveguide are described with coupled mode theory later.

n
FSR

n

n
FSR

Dn

L/2p

L

a b c

Fig. 2.1: Schematics of optical microcavities with a cavity length of L. (a) Ring cavity.
(b) Fabry-Perot cavity. (c) Resonant spectrum with a free-spectrum range
of νF SR and linewidth of ∆ν.

2.1.1 Whispering gallery mode microcavities

Whispering gallery mode (WGM) microcavities are micro- and milli-mater scale,
circular (spherical) shape resonators [2–4]. When light is inputted with the external
waveguide, a portion of light couples into the cavity and propagates along the inner
surface of the cavity by total internal reflection. If the frequency of the inputted
light matches the resonance frequency of the cavity, the light efficiently couples and
stores the light for a long time (e.g., ∼100 ns when Q ∼ 1 × 108). The key for
achieving ultra high-Q is small absorption coefficient and surface roughness. First
demonstration of high-Q WGM microcavity was reported in 1989 [2] by melting
the tip of optical fiber using laser annealing, which forms spherical shape resonator
exhibiting small roughness thanks to surface tension of melted silica. Silica also
shows good transmission property ranging from visible to near infrared wavelength.
For these reasons and improvement of fabrication techniques, various kind of silica
based WGM microcavities have been proposed: microsphere [2], microtoroid [3], mi-
crobottle [5], microrod [6], microbubble [7], microdisk [8] and wedge resonators [9].
For commercial application, possibility of chip integration and mass productivity
will be important points, in addition, available cavity-FSR are determined by di-
ameter of the cavity. Moreover, since cavity structure affects geometry dispersion,
controllability of structure in fabrication process is also important.
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FOR NONLINEAR FREQUENCY CONVERSION

a b c

d e

Fig. 2.2: Whispering gallery mode microcavities. (a) Silica toroid. [P. Del’Haye,
A. Schliesser, O. Arcizet, T. Wilken, R. Holzwarth, and T. J. Kippenberg,
“Optical frequency comb generation from a monolithic microresonator,”
Nature 450, 1214-1217 (2007).] (b) Silica microsphere. [T. J. Kippenberg,
S. Spillane, and K. Vahala,“Modal coupling in traveling-wave resonators,”
Opt. Lett. 27, 1669-1671 (2002).] (c) Silica rod. [S. B. Papp, P. Del’Haye,
and S. A. Diddams,“Mechanical control of a microrodresonator optical fre-
quency comb,”Phys. Rev. X 3, 031003 (2013).] (d) Calcium fluoride crys-
talline. [J. Hofer, A. Schliesser, and T. J. Kippenberg,“Cavity optomechan-
ics with ultrahigh-Q crystalline microresonators,”Phys. Rev. A 82, 031804
(2010).] (e) Magnesium fluoride crystalline. [H. Guo, M. Karpov, E. Lu-
cas, A. Kordts, M. H. P. Pfeiffer, V. Brasch, G. Lihachev, V. E. Lobanov,
M. L. Gorodetsky, and T. J. Kippenberg,“Universal dynamics and deter-
ministic switching of dissipative Kerr solitons in optical microresonators,”
Nat. Phys. 13, 94-102 (2017).]

Table. 2.1: Comparison of basic characteristics of different microresonators.

Resonators: SiO2 toroid MgF2 crystalline CaF2 crystalline Si3N4 ring

Q-factor 107 − 108 108 − 109 108 − 1010 106 − 107

n0 1.44 1.37 1.43 1.98

n2 (10−20 m2/W) 2.2 0.9 3.2 25

Crystalline materials have been expected to become ideal platforms for WGM
microcavities besides silica. In particular, fluoride materials (e.g., barium fluoride,
calcium fluoride, magnesium fluoride) have a big potential of ultra-high Q exceeding
1012 in the wavelength of 1.55 µm due to high purity and low material absorption [4,
10–12]. Moreover, fluoride materials also exhibits large transparency window even
in mid-infrared wavelength compared to silica [13]. Such a crystalline microcavities
can be fabricated by cutting and diamond polishing process, and therefore its size
is about millimeter scale [14,15].

These several types of materials and cavities have different characteristics and
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2.2. COUPLING WITH EXTERNAL WAVEGUIDE

advantages as shown in Table. 2.1.

2.1.2 Microring resonators

Besides WGM microcavities, microring resonators are also commonly-used plat-
forms since they have not only small footprint but also can be fabricated by CMOS-
compatible process. Coupled light propagates ring-shaped waveguide via total re-
flection by a combination of high-index and low-index materials. Microring res-
onators composed of various materials have been developed: silicon, Hydex, sili-
con nitride [16], aluminum nitride [17], diamond [18], and aluminum gallium ar-
senide [19]. Compared with WGM microcavities, Q-value of microring resonators is
limited due to scattering loss induced by surface roughness which is resulted from
etching during fabrication process. However, low quality factor is compensated by
high nonlinear refractive index, which is several tens of times higher than silica and
fluoride and very small mode area. Furthermore, recent works demonstrated high-Q
silicon nitride microring up to 107 by addressing fabrication technique and proce-
dure [20, 21]. Since microring resonators can be fabricated by CMOS-compatible
process (e.g., electron-beam lithography), a precise engineering of structure would
possible, moreover, external waveguide is integrated on the same chip of the res-
onator.

a b

Fig. 2.3: Microring resonators. (a) Silicon nitride microring. [D. J. Moss, R. Moran-
dotti, A. L. Gaeta, and M. Lipson,“New CMOS-compatible platforms based
on silicon nitride and Hydex for nonlinear optics,”Nat. Photonics 7, 597-607
(2013).] (b) Diamond microring. [B. J. M. Hausmann, I. Bulu, V. Venkatara-
man, P. Deotare, and M. Lončar,“ Diamond nonlinear photonics,”Nat.
Photonics 8, 369 (2014).]

2.2 Coupling with external waveguide

2.2.1 Coupled mode theory

Inputted light couples into the cavity via evanescent field which allows much efficient
phase-matching between cavity mode and waveguide mode. Here, we theoretically
consider the coupling with external waveguide. A coupled mode theory describes
the situation when light propagating external waveguide couples into the cavity
in the side coupling system as shown in Fig. 2.4 If we adopt the slowly varying
envelope approximation (i.e, normalized amplitude of cavity mode Ucav satisfies
Ucav(t + T ) − Ucav(t) ≈ TdUcav/dt when T is cavity round trip), the time variation
of Ucav can be described below:
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sin sout

text

t0

Fig. 2.4: Schematic of cavity-waveguide coupled system. τ0, τext, sin, sout are intrinsic
lifetime, external lifetime, input field, and output field, respectively.

d

dt
Ucav =

(

j(ωp − ω0) − 1

2τ0
− 1

2τext

)

Ucav +
1√
τext

sin, (2.9)

where ωp is pump laser frequency, ω0 is resonance frequency, τ−1
0 is intrinsic decay

rate, τ−1
ext is external coupling rate, sin is input term. Amplitude of cavity mode Ucav

and input wave are normalized as follows:

|Ucav|2 = energy in the cavity (Joule)
|sin|2 = power carried by incident wave (Watt)

Assuming the steady state (dUcav/dt = 0), the stored energy in the cavity |Ucav|2 is
expressed as

|Ucav|2 =
1/τext

(ω0 − ωp)2 + (1/2τ0 + 1/2τext)2
Pin, (2.10)

where input power Pin equals to |sin|2. The circulating power in the cavity Pcav is
given by the stored energy divided by the cavity roundtrip time TR,

Pcav = |Ucav|2/TR. (2.11)

The relation between input sin and transmission field sout is described as

sout = −sin +
1√
τext

Ucav, (2.12)

and the transmittance defined as T = Pout/Pin = |sout/sin|2 (when the detuning is
zero) yields

T =
∣

∣

∣

∣

sout

sin

∣

∣

∣

∣

2

=
(

τext − τ0

τext + τ0

)2

=
(

Q0 −Qext

Qext +Q0

)2

. (2.13)

Here Q0 and Qext express intrinsic quality factor and coupling quality factor, re-
spectively. The ratio between Q0 and Qext determines coupling condition as follows:
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2.3. NONLINEAR PARAMETRIC FREQUENCY CONVERSION

• Under coupling Q0 < Qext (τ−1
0 > τ−1

ext) : The situation where coupling rate
τ−1

ext is smaller than intrinsic decay rate τ−1
0 . In this case, the transmitted field

through the waveguide is much higher than the coupled field from the cavity
to the waveguide.

• Critical coupling Q0 = Qext (τ−1
0 = τ−1

ext) : The situation where coupling rate
τ−1

ext matches with intrinsic decay rate τ−1
0 . In this case, the transmittance

past the cavity vanishes (T = 0) on the resonance condition (i.e., detuning is
zero), and this means that all of inputted light is coupled into the cavity. In
this case, the amplitude of the transmitted field is the same as the amplitude
of the coupled filed from the cavity, but the relative phase is shifted by π.

• Over coupling Q0 > Qext (τ−1
0 < τ−1

ext) : The situation where coupling rate
τ−1

ext is higher than intrinsic decay rate τ−1
0 . In this case, the transmitted field

through the waveguide is much smaller than the coupled field from the cavity
to the waveguide.

2.2.2 Optical tapered fiber

In the previous section, theoretical description of coupling between the cavity and
waveguide is described. Here I discuss several methods to couple light into the
cavity in practice. One commonly used method is the use of optical tapered fiber.
The optical tapered fiber with a diameter of ∼1 µm is fabricated by heating and
stretching a conventional optical fiber with a diameter of ∼125 µm. By melting
the optical fiber, boundary of refractive index between core and clad disappears
and forms new boundary between air and fused silica. This allows us to obtain
evanescent field, which is needed to couple light efficiently.

Figure 2.5 shows experimental setup for fabrication of optical tapered fiber and
schemes of other methods. Although an optical fiber has several propagation modes
in the fabrication process of tapered fiber (multi-mode condition), single mode can
be obtained when the diameter decreases to certain point again, which refers single
mode condition given as

Vfiber =
2πn1a

λ0

√

2
n2

1 − n2
2

2n2
1

< 2.405 (2.14)

a < 0.57 (2.15)

where a is radius of tapered fiber, λ0 = 1.55 µm, n1 = 1.44 (fused silica) and, n2 = 1
(air). As a result, we obtain the diameter of tapered fiber, which satisfies single
mode condition.

2.3 Nonlinear parametric frequency conversion

2.3.1 Kerr-nonlinearity in nonlinear media

Optical nonlinear effect indicates the response of nonlinear medium to an electro-
magnetic wave depending on intensity of inputted light, and this is described by the
relationship between time dependent polarization P (z, t) and optical field E(z, t).
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Fig. 2.5: (a) Picture of setup for fabrication of optical tapered fiber. (b) Transmission
spectrum of laser light at 1550 nm. Fabrication system with motors pulled
the optical fiber from 0 s to about 330 s, heating the fiber. At nearly 300 s,
mode of tapered fiber changed a single mode (red shaded) from a multi mode
(green shaded). (c) Tapered fiber coupling. (d) Angle cleaved fiber coupling.
(e) Prism coupling.

When we do not consider nonlinear effect (i.e., polarization shows linear response to
the optical field), polarization is expressed as,

P = ε0χE, (2.16)

where ε0 is the vacuum permittivity and χ is the electric susceptibility. Note that
the scalar electric field E and the polarization P are assumed here. When we include
second- and third-order nonlinearity, the equation is rewritten as follows:

P = ε0(χE + χ(2)E2 + χ(3)E3 + · · · ), (2.17)

where χ(2) and χ(3), respectively, are the second- and third-order susceptibility. We
can exclude second-order nonlinearity from the above equation considering materials
such as silica and fluoride because of inversion symmetry. Therefore, the nonlinear
polarization are described as,

PNL = ε0χ
(3)E3, (2.18)

PNL =
∑

n

PNL(ωn)ei(knz−ωnt), (2.19)

where we introduced electric fields with three different frequencies

E =
1

2
(E1e

i(k1z−ω1t) + E2e
i(k2z−ω2t) + E3e

i(k3z−ω3t) + c.c.), (2.20)
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with optical angular frequency ω and the wave vector k. To simplify, we assume the
following electric fields as follows:

E = Re[E1exp(jω1t) + E2exp(jω2t) + E3exp(jω3t)]. (2.21)

Substituting Eq. (2.21) into Eq. (2.18), nonlinear polarization is described as,

PNL = ε0χ
(3)[(3|E1|2 + 6|E2|2 + 6|E3|2)E1exp(jω1t) + . . . (2.22)

+ 3E2
1E

∗

2exp{j(2ω1 − ω2)t)} + 6E1E2E
∗

3exp{j(ω1 + ω2 − ω3)t)} + . . . (2.23)

+ 3E2
1E2exp{j(2ω1 + ω2)t)} + 6E1E2E3exp{j(ω1 + ω2 + ω3)t)} + . . . (2.24)

+ E3
1exp(j3ω1t) + E3

2exp(j3ω2t) + E3
3exp(j3ω3t)]. (2.25)

Excluding the combinations of duplication and negative frequencies, we found 22
different frequency components which are conceivable optical frequencies via third-
order nonlinear effect.

Optical Kerr effect (intensity dependent refractive index)

SPM(×1) XPM(×2)XPM(×2)
Kerr material

Dn ~ Pin n2

a b

Fig. 2.6: Schematics of Kerr effect (a) Effective refractive index can be modulated
by strong input power. (b) In the case of cavity resonances, resonance fre-
quencies are affected by nonlinear phase shift via strong pump line called
self-phase modulation (SPM) and cross-phase modulation (XPM)

Optical Kerr effect is the phenomenon in which the nonlinear phase shift is in-
duced by high-intensity light field. The principle is that nonlinear medium which
experiences light propagation shows intensity dependent refractive index. The re-
fractive index change is expressed with time-averaged optical light intensity In =
n0ε0c|En|2/2 as,

n = n0 + n2I1 + 2n2(I2 + I3) (2.26)

where n0 is refractive index, and n2 is nonlinear refractive index described as,

n2 =
3

4n2
0εc

χ(3). (2.27)

The second term of right-hand side (RHS) and third term of RHS in Eq. (2.26)
describes self-phase modulation (SPM) and cross-phase modulation (XPM), respec-
tively. SPM is known as the effect of nonlinear phase shift induced by own light,
but on the other hand XPM is the effect induced by different light. We also see that
the effect of XPM is twice as strong as the effect of SPM from Eq. (2.22).
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Four-wave mixing

Four-wave mixing (FWM) is one of Kerr parametric processes, in particular, it is
known as origin of Kerr frequency comb described later. FWM can be understood
as creation and annihilation of two photons in depict of energy diagram. In respect
to four-wave mixing, we need to consider degenerate and non-degenerate processes
where both conversions satisfy energy conservation law. Degenerated FWM pro-
cess (first term in Eq. (2.23)) is the case that annihilated two photons with same
frequencies 2ωk create two photons with different frequencies ωn and ωl. In the
non-degenerate process (second term in Eq. (2.23)), two photons of frequencies ωk
and ωm are annihilated, and then two photons of frequencies ωn and ωl are cre-
ated. Noted that phase-matching condition should be satisfied for efficient FWM
generation, like,

kn = 2kk − kl (degenerate) (2.28)

kn = kk − kl + km (non-degenerate) (2.29)

Third-order sum-frequency generation

Third-order sum frequency generation (TSFG) is the phenomenon based on the
annihilation of three photons at frequency 2ωk and ωl, and the creation of new
photon at frequency ωn described in first term in Eq. (2.24). In the same way
as the case of FWM, there is another process where annihilated three photons at
frequencies ωk, ωl, and ωm create new photons at frequency ωn (second term in
Eq. (2.24)). Although the comprised components of frequencies are the same as
FWM, the difference between FWM and TSFG can be seen in direction of wave-
vectors.

Third harmonic generation

Third harmonic generation (THG) occurs when parametric conversion satisfies the
condition of Eq. (2.25). Pump light at frequency ωk is converted into triple-frequency
light at frequency 3ωk. THG can be interpreted as combination of light at three same
frequencies in the case of TSFG.
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Fig. 2.7: Energy schemes of third-order nonlinear parametric process. (a) Degenerate
four-wave mixing (FWM) (b) Non-degenerate four-wave mixing (FWM) (c)
Third-order sum-frequency generation (TSFG) (d) Third-harmonic genera-
tion.
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2.3.2 Optical frequency comb

Time

Phase shi! Df

Frequencyfceo frept=1/frep

Time domain Frequency domain

Fig. 2.8: Schematic illustration of an ultra-short pulse train emitted from a mode-
locked lasers (left side) and optical spectrum in frequency domain (right
side).

Before discussing Kerr frequency comb, which is the main topic of this thesis, we
would like to introduce mode-locked optical frequency comb. A optical frequency
comb is a set of equidistantly spaced optical frequencies in frequency domain. The
phase of each comb are locked so that optical frequency comb forms optical pulse in
time domain (called mode-locking, mode-locked). Optical frequency comb possesses
several graduations, optical frequencies (∼sub-PHz), comb bandwidth (∼THz) rep-
etition rate (∼GHz), carrier offset frequency (∼MHz), and they are strictly defined
and connected. Mode-locked frequency comb works as reference not only in fre-
quency domain but also in time domain, even in spatial domain.

Nowadays there are several types of mode-locked frequency comb: Ti:sapphire
laser, erbium (ytterbium) fiber laser, and microcomb, but schemes of comb gener-
ation are quite different. Conventional mode-locked lasers (i.e., Ti:sapphire, fiber
laser) are realized by using gain medium and modulation element inside the laser
cavity. Even though there are some method for achieving mode-locking, one use-
ful technique is the use of a saturable absorption where the absorption of light
decreases with increasing light intensity. When an optical pulse ass through the sat-
urable absorber, low-intensity light component can be absorbed, on the other hand
high-intensity component can propagate without large loss. As a result, weak light
selectivity decreases and pulse light can be enhanced by laser medium in the system
of saturable absorption, which is referred to passive mode-locking.
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Fig. 2.9: (a) Optical spectrum of frequency comb from a mode-locked fiber laser. (b)
Optical spectrum recorded with high-resolution optical spectrum analyzer
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When we set comb repetition rate frep and carrier envelope offset frequency fceo,
all optical frequencies are defined as follows:

fn = nfrep + fceo, (2.30)

with integer n corresponding to longitudinal comb number. From Eq. 2.30, we can
see that optical frequency comb can be interpreted as the strictly equidistant comb
lines frep with an offset frequency fceo which is unknown value at first. However,
it is possible to determine fceo if bandwidth of frequency comb exceeds 1-octave by
certain method which is referred to self-referencing [22, 23]. The lower frequency
component fn of octave-spanning comb is converted to second harmonic light 2fn
using nonlinear crystal and then beat signal of 2fn and the higher frequency com-
ponent f2n corresponds to fceo, like,

2fn − f2n = (2nfrep + 2fceo) − (2nfrep − fceo) = fceo. (2.31)

The alternative method such as 2f−3f method, offset-free frequency comb have also
been proposed, and thereby the requirement of octave-spanning can be moderated.

Thanks to the accuracy of mode-locked frequency combs as standard, various
application have been proposed and demonstrated among a wide range of field.
Since optical frequency comb connects optical frequency domain and radio-frequency
domain which can be measured easily, it allows us to know accurate optical frequency
of laser with a simple system. This is a use as the ultra-precision reference, and
recently, several useful demonstration are realized such as optical clock, distance
measurement, spectroscopy, and astronomical calibration. Not only the use as the
reference source, but also light sources for huge capacity telecommunication network
are also expected as the use of line-by-line channels.

2.3.3 Kerr frequency comb

Kerr frequency comb (microcomb) refers to optical frequency comb generated in op-
tical microcavities, in particular, via nonlinear parametric conversion (i.e., four-wave
mixing). An ultra-short pulse in mode-locked laser identifies the frequency comb in
frequency domain, however, the analogy is not always possible when considering Kerr
frequency comb. Schematic of Kerr comb generation is shown in Fig. 2.10. When a
single frequency continuous-wave (CW) pump light is inputted into the cavity, new
sideband frequencies are generated via cascaded FWM at the position of resonance
frequencies. The mechanism can be interpreted in term of modulation instability
in optical fibers. The modulation instability is the phenomenon as a result of the
interplay between nonlinear and dispersive effects in anomalous dispersion system.
This can also be interpreted as the phase-matching of cavity resonances induced by
a balance between nonlinear phase shift (i.e., Kerr effect) and anomalous dispersion.

In 2007, first demonstration of Kerr frequency comb has been reported using on-
chip silica toroid microcavity [24]. Proposed principle made an impact on the field
of optical frequency comb due to the advantages of Kerr frequency comb which have
been considered as follows: 1. on-chip integration, 2. high-repetition rate, 3. low-

cost production, 4. low-energy consumption. An octave-spanning Kerr comb has
been demonstrated in 2011 [25], however, mode-locked states (i.e., soliton pulse
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Fig. 2.10: Principle of Kerr comb generation via degenerate and non-degenerate four-
wave mixing process.

formation) have never realized then. This is because that the mechanisms of mode-
locking in Kerr frequency comb had been revealed well, and the later studies focused
on the scheme of mode-locking and phase noises of Kerr combs. Thanks to the
great efforts on experimental and theoretical aspects (e.g., optimization of cavity
dispersion, thermal effect, and laser detuning etc.), temporal soliton (i.e., low-phase
noise, mode-locked state) has been finally demonstrated with a magnesium fluoride
WGM microresonator in 2014 [26]. This is a breakthrough which paved the way to
utilize Kerr frequency comb as a reliable comb source for various application such
as telecommunication, radio frequency signal generator, optical clocks, astronomical
calibrator and so on.

Recently, mode-locked Kerr comb have been realized in various platforms, and
wavelength ranges. In addition to telecommunication band, mid-infrared and vis-
ible wavelength Kerr comb generation has been expected to expand the range of
application like carbon dioxide gas sensor or biomedical sensing. Now, such novel
Kerr frequency combs are demonstrated one after another by overcoming the limi-
tation of cavity dispersion with innovative method and improvement of fabrication
techniques.
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Fig. 2.11: Optical spectrum of Kerr frequency comb in a silica toroid microcavity.
Inset shows SEM image of silica toroid.
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2.3.4 Other nonlinear processes in optical microcavities

Here I describe other nonlinear processes which can be observed in optical microcav-
ities. Four-wave mixing, sum-frequency generation, third-harmonic generation can
be discussed with introducing Kerr-nonlinearity (third-order susceptibility) to the
nonlinear polarization. On the other hand, we should note that other third-order
nonlinear effects which potentially compete and coexist with above three frequency
conversions.

Stimulated Raman scattering

Stimulated Raman scattering (SRS) is know as an inelastic scattering process where
photons of pump field ωp interact with optical phonons ΩR. Unlike the Kerr effect,
the mechanism of SRS is attributed to the molecular vibration inside the material.
In 1928, C. Raman reported the phenomenon of optical energy conversion via molec-
ular vibration mode which referred to spontaneous Raman scattering [27]. Unlike
spontaneous process, SRS can be explained as the nonlinear phenomenon where the
Stokes light grows rapidly inside the medium under strong pump condition. It ex-
ists in all dielectric materials including crystals with all symmetries and glasses, and
therefore SRS is an important optical nonlinear process when discussing third-order
nonlinear effects in optical microcavities.

The energy conservation of SRS can be written as,

ωS = ωp − ΩR (2.32)

where ωS and ωp, respectively, are a Stokes and pump photon, and ΩR is known as
the Stokes shift or Raman shift. The Raman shift ΩR is typically the order of 10 THz
and the bandwidth of Raman gain in silica is also very large (up to 40 THz), whereas
the bandwidth can be much narrower in crystalline materials (∼1 THz). Moreover,
the phase-matching condition on SRS is usually not strict so much compared with
FWM, and SRS can be generated in both clockwise and counter-clockwise directions.

Stimulated Brillouin scattering

Brillouin scattering (SBS) is also an inelastic scattering where acoustic phonons ΩB

take part in the interaction with photons ωp. The pump light induces traveling
density wave which acts as a refractive index grating and scatters the pump laser in
a preferable direction (usually 1st Stokes of SBS can be scattered to the backward).
The pump field and induced Stokes fields inside the cavity can be enhanced in a way
shown in following energy diagram,

ωS = ωp − ΩB (2.33)

where ΩB is known as the (Brillouin) Stokes shift or Brillouin shift. The Bril-
louin shift is typically 10 GHz order, however the bandwidth of SBS is very narrow
(∼100 MHz) compared to SRS.
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2.4 Fundamental property of silica toroid microcavities

In this thesis, we mainly used a silica toroid microcavity. Silica microtoroid has been
developed in 2003 in the group of Kerry Vahala [3], and has the major advantages of
small mode volume and high quality factor, which enable low threshold powers for
nonlinear frequency conversion [3]. Here we would like to introduce the fundamental
property of a high-Q silica toroid microcavity from fabrication to measurement of
quality factor and Kerr comb measurement in detail.

2.4.1 Fabrication of silica toroid microcavities

Silica microtoroid can be mainly fabricated by 4 steps: 1. photolithography with
oxidized silicon wafer, 2. Hydro-fluoric (HF) wet etching, 3. Xenon-fluoride (XeF2)
dry etching, 4. CO2 laser reflow as shown in Fig. 2.12.

2. HF etching 3. XeF2
 etching 4. CO2

 laser reflow

Si

SiO2

1. Photolithography

Fig. 2.12: Fabrication process of a silica toroid microcavity.

First, we prepare an oxidized silicon wafer whose thickness of silica layer is
in the order of 1∼2 µm, and it relates to the final size of microtoroid. In the
photolithography process, circular resist pattern with a desired diameter are formed
on the substrate with UV-lithography, and HF etching are subsequently applied to
the sample in order to remove unnecessary silica layer except the protected pattern
with circular resist. The next step is (XeF2) dry etching to undercut disk structure.
After this process, a disk structure supported by silicon post can be formed. The
formed silica disk can be already used as a microcavity, but it does not typically
show high-Q because its surface is considered as more or less rough owing to the dry
etching process. Final process is CO2 laser reflow which melts and shrinks the outer
edge of silica disk. As a result, microcavity with a donut-shaped toroidal structure
can be formed, and it exhibits high-Q thanks to the smooth surface of the cavity.

2.4.2 Calculation of mode profile with finite-element method (FEM)

It is known that the field distribution of whispering gallery modes can be written by
Maxwell’s equations and there is an analytical solution for WGMs. However, unfor-
tunately, it is difficult to obtain an analytical solution in the case of toroid structure
because of the lack of analytical methods. For that reason, a numerical method using
a finite-element solver is usually performed to calculate electromagnetic eigenmodes
in silica toroid microcavity. These approaches have been introduced by M. Oxbor-
row [28], and allow us to obtain accurate mode profiles and resonance frequencies,
which correspond to know the detail profile of transverse mode and cavity dispersion,
respectively.
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Effective mode area and effective mode volume

In the case of third-order nonlinear process, effective mode area is well related to
the profile of light intensity inside the cavity. From the calculation result of mode
profile, the effective mode area is defined as

Aeff =
(
∫

|E|2dA)2

∫

|E|4dA (2.34)

where |E|2 is light intensity (|E| is the electric field) and A is defined integral area.
Effective mode volume can be estimated by Veff = AeffL where L is cavity roundtrip
length. Figure 2.13 shows effective mode area of fundamental mode of silica toroid
microcavity with various major and minor radius.
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Fig. 2.13: Effective mode area of silica toroid microcavity.

.

Cavity dispersion

The dispersion of microcavity is determined by both contribution of material dis-
persion and geometric dispersion. Material dispersion expresses the dependence of
the refractive index with wavelength (frequency), which can be approximated by
Sellmeier equation,

n2 = 1 +
∑

i

Ai · λ2

λ2 −B2
i

, (2.35)

where the Sellmeier coefficients Ai and Bi are given for wavelength in the unit
of micro-meter (µm). In the case of fused silica, each parameters are given as:
A1 = 0.6961663, A2 = 0.4079426, A3 = 0.6961663, B1 = 0.4079426, B2 = 0.1162414,
B3 = 9.896161 at the wavelength from 0.21 to 3.71 µm.

On the other hand, geometric dispersion is due to the wavelength-dependence of
the propagation constant of the cavity waveguide. In more detail, the spatial refrac-
tive index distribution n(x, y, z) of the modes with different polarization influences
the propagation of optical mode effectively.

The resonance frequencies of arbitrary mode ωµ can be expressed with the rela-
tive mode number µ as,
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Fig. 2.14: Material dispersion of various platform: silica (SiO2), calcium fluoride
(CaF2), magnesium fluoride (MgF2), and silicon nitride (Si3N4). (a) GVD
parameter D (ps/nm/km). (b) GVD parameter β2 (ps2/km).

ωµ = ω0 +D1µ+
1

2
D2µ

2 +
1

6
D3µ

3 +
1

24
D4µ

4 + · · · , (2.36)

where D1/2π is the equidistant cavity FSR in the order of frequency (Hz), D2/2π,
D3/2π and D4/2π express the second-, third-, and fourth-order dispersion, respec-
tively. Consequently, the total dispersion is estimated by the deviation of resonance
frequency including above dispersion effects from equidistant grid (which is deter-
mined by the center frequency and cavity FSR), like,

Dtot = ωµ − ω0 −D1µ =
1

2
D2µ

2 +
1

6
D3µ

3 +
1

24
D4µ

4 + · · · . (2.37)

Here, positive (negative) D2 corresponds to anomalous (normal) dispersion, and Di

parameter has the relation to group velocity dispersion βi as,

D2 = − c

n
D2

1β2, (2.38)

D3 ≈ − c

n
D3

1β3, (2.39)

D4 ≈ − c

n
D4

1β4. (2.40)

Noted that a parabolic deviation via D2 can be modified by higher-order dispersion
terms , and it is known that these terms can induce dispersive waves far from the
pump mode.
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2.4.3 Experimental setup for optical spectrum measurement

Optical spectrum can be measured with the basic setup as shown in Fig. 2.15,
which is commonly used when measuring quality factor, dispersion, and nonlinear
frequency generation. I usually use frequency-tunable CW laser source, optical
tapered fiber, and power detector to couple laser light and detect the transmitted
spectrum. The polarization controller is used to match the polarization of laser light
to excite intended cavity mode. To optimize the gap between the cavity and tapered
fiber a sample stage and tapered fiber holder can be independently controlled by
precise stage system. As necessary, some additional equipments: optical amplifier,
photodiode, and optical (electrical) spectrum analyzers are used according to the
purpose of the experiment.

Tunable laser diode EDFA

Microcavity

Polariza!on
controller

OSA

PM or OSC

Func!on generator

ESA
PD

X

Z

Y
Stage

Fig. 2.15: Experimental setup for optical spectrum measurement. EDFA, erbium
doped fiber amplifier; PM, power meter; OSC, oscilloscope; OSA, optical
spectrum analyzer; PD, photodiode; ESA, electrical spectrum analyzer.

Quality factor

Convenient and useful method for measuring quality factor is frequency-scan method.
When laser frequency of tunable laser source is scanned, resonant transmission spec-
trum is observed as shown in Fig. 2.16. Since an ideal resonance spectrum exhibits
Lorentzian function, it is easy to know the linewidth (corresponding to quality fac-
tor) by fitting the measured spectrum to theoretical curve.

Cavity dispersion

Cavity dispersion can be directly measured by broad bandwidth transmittance spec-
trum with precise references such as mode-locked laser comb or fiber Mach-Zehnder
interferometer with a FSR of tens of MHz order. These equipments allow to mea-
sure an ultra-precise dispersion even in small-FSR resonators. However, there is
simple approach particularly for large-FSR resonator (∼THz) even though precision
is inferior to the above methods. The measured transmittance spectrum where the
wavelength range is dependent on scanning range of tunable laser source exhibits
many resonances including other mode families, and it is possible to know cavity
dispersion by picking intended mode family up.
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Fig. 2.16: (a) Measured transmittance spectrum of a silica toroid microcavity. Blue
dots and red solid lines are measured and fitted curves, respectively. Loaded
Q is about 1 × 107. (b,c) Upper view and side view of silica toroid and
tapered fiber.

2.4.4 Experimentally observed nonlinear frequency generation

Finally, I look experimentally observed optical spectra with strong input power,
thus nonlinear frequency generation occurs in silica toroid microcavity. Figure 2.17
shows examples of observed optical spectra in silica microtoroids with different di-
ameters (∼ several tens of micron) and at different input powers (∼ several hundred
milliwatt).
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Fig. 2.17: Observed optical spectrum in near-infrared and visible wavelength region
in silica toroid microcavity. (a,b) Kerr frequency comb. (c,d) Stimulated
Raman scattering and visible light generation via third-harmonic generation
and third-order sum-frequency generation.
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Chapter 3

Introduction to mode coupling
in high-Q optical microcavities

Mode coupling in high-Q optical microcavities have been researched since
the beginning of the work on high-Q WGM microcavities. A phenomenon
of mode coupling is not limited to optical microcavities, on the contrary,
the phenomenon itself is well know physics in coupled pendulum, coupled
LC circuit, and so on. Mode coupling in optical microcavities can be
interrupted as an energy exchange between two different resonances, and
it sometimes plays an important role on observed nonlinear frequency
conversions. In this chapter, we will discuss the mode coupling and its
effect on nonlinear frequency generation, moreover, recent works, which
are related to this topic, will be introduced.
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CHAPTER 3. INTRODUCTION TO MODE COUPLING IN HIGH-Q
OPTICAL MICROCAVITIES

3.1 Coupled mode theory for coupled cavities

a b c

Fig. 3.1: Schematic of coupled cavity system. (a) Two coupled pendulums. (b) Cou-
pled Fabry-Perot cavity. (c) Two coupled ring cavities.

As described in Section 2.2.1, coupled mode theory can also be used to analyze the
coupled cavity system. Here we describe the coupled mode equations which include
mode coupling term for two optical resonances. Using coupled mode theory, coupled
optical modes of loss-less system can be expressed as [29],

da1

dt
= jω1a1 + jκ12a2, (3.1)

da2

dt
= jω2a2 + jκ21a1, (3.2)

where a1 and a2 are the field amplitudes of each modes with time dependence
exp(jωt), κ12 and κ21 are the coupling rates from the mode 1 to mode 2, and
from mode 2 to mode 1, respectively. Since we assume the loss-less system, time
derivative of energy variation can be written as,

d

dt
(|a1|2 + |a2|2) = a1

da∗
1

dt
+ a∗

1

da1

dt
+ a2

da∗
2

dt
+ a∗

2

da2

dt
= ja∗

1κ12a2 − ja1κ
∗

12a
∗

2 + ja∗

2κ21a1 − ja2κ
∗

21a
∗

1 = 0. (3.3)

To satisfy above equation, the relation between κ12 and κ21 is given as,

κ12 = κ∗

21 = κ. (3.4)

The initial condition of coupling rates can be arbitrarily determined, coupling rates
are described as,

κ12 = |κ|exp(jφ) (3.5)

κ21 = |κ|exp(j(φ − π)) (3.6)

where φ is a phase constant, and when we choose φ = π/2, Eq. 3.4 can be accordingly
satisfied. In addition, when employing convenient modification like κ = κ/2, the
full-width of mode splitting corresponds to κ/2π.

Here, we rewrite the equations to include intrinsic and external loss terms, then
the general equations can be described as,

da1

dt
= (jω1 − γ1

2
)a1 + j

κ

2
a2, (3.7)
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3.2. MODE COUPLING BETWEEN DIFFERENT CAVITY RESONANCES

da2

dt
= (jω2 − γ2

2
)a2 + j

κ

2
a1, (3.8)

where γ1 = γint1 + γext1 and γ2 = γint2 + γext2 are the loaded decay rate for mode
1 and mode 2, respectively. In addition, we solve the determinantal equation of
Eqs. 3.7 and 3.8, and obtain new two resonance frequencies from the real parts of
following eigenvalues ω±,

ω± =
ω1 + ω2

2
+
j

2

(

γ1

2
+
γ2

2

)

±
√

[

ω1 − ω2

2
+
j

2

(

γ1

2
− γ2

2

)]2

+

∣

∣

∣

∣

κ

2

∣

∣

∣

∣

2

. (3.9)

Finally, input terms
√
γextsin can be added to general coupled mode equations

Eq. 3.7 and 3.8 in a same way as Eq. 2.9.

da1

dt
=
(

jω1 − γ1

2

)

a1 + j
κ

2
a2 +

√
γext1sin, (3.10)

da2

dt
=
(

jω2 − γ2

2

)

a2 + j
κ

2
a1 +

√
γext2sin. (3.11)

It should be noted that whether the presence of input term is depending on the
system of coupling (e.g., coupled two cavities with one waveguide, coupled two
cavities with two waveguides).

3.2 Mode coupling between different cavity resonances

A coupled cavity system have been intensively studied because the system is very
useful for several applications [30–33], and observed in various types of microcavities
(i.e., WGM microcavities, microring resonators, and photonic crystal nanocavities).
Mode coupling in high-Q resonances is related to Rabi-like splitting (oscillation)
in frequency (time) domain, and it occurs via overlap of evanescent fields between
different optical modes whose frequencies are so close in WGM and microring res-
onators. In the following section, we have brief introduction to mode coupling and
mode interaction between different optical modes which are well related to this the-
sis.

3.2.1 Clockwise and counter-clockwise mode coupling

Clockwise (CW) and counter-clockwise (CCW) mode coupling is the result of inter-
action between two counter-propagating optical modes, which are strongly coupled,
in only single cavity system. First observation of CW-CCW mode coupling in high-
Q WGM microcavity has been reported in 1995 using a silica microsphere [34], and
subsequently there have been many theoretical and experimental studies [35,36] and
demonstration for practical sensing application [37].

Coupled mode equations can be transformed to analyze CW-CCW mode cou-
pling as follows;

dacw
dt

=
(

j(ωp − ω0) − γ

2

)

acw + j
κ

2
accw +

√
γextsin, (3.12)

daccw
dt

=
(

j(ωp − ω0) − γ

2

)

accw + j
κ

2
acw, (3.13)
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Fig. 3.2: (a) Schematic illustration of the model for CW-CCW coupling. (b) Calcu-
lated transmission (green) and reflection (blue) spectra of the cavity with
(γint, γext, κ)/2π = (10, 5, 100) MHz

where we regard each resonance frequency ω1 = ω2 = ω0 and loaded cavity decay
rate γ = γ1 = γ2 as the same value because the clockwise and counter-clockwise
modes have the common cavity properties. Noted that the input term exists only
in CW modes.

3.2.2 Mode coupling with different cavity mode
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Fig. 3.3: (a) Schematic illustration of the model for different cavity cou-
pling. (b) Calculated transmission spectra with different detunings with
(γint1, γint2, γext, κ)/2π = (10, 10, 5, 100) MHz

Mode coupling occurs between different mode families (i.e., different order modes,
different polarization modes) in one cavity or even different cavity. In particular,
mode coupling using two cavities is useful with respect to controllability of resonance
frequencies. Therefore, various demonstration were performed such as parity-time
(PT ) symmetry [31, 32], all-optical tunable buffering [33], and electromagnetically
induced transparency (EIT) [38]. Besides mode splitting induced by strong mode
coupling can be used to change the cavity dispersion in local regime which will be
described in Chapter 5 in detail, and generate Brillouin lasing in large splitting
resonance modes.
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3.3. MODE COUPLING INDUCED DARK SOLITON FORMATION

The optical fields in coupled cavity with individual input terms can be expressed
using coupled mode equations as,

da1

dt
=
(

j(ωp − ω1) − γ1

2

)

a1 + j
κ

2
a2 +

√
γext1sin, (3.14)

da2

dt
=
(

j(ωp − ω2) − γ2

2

)

a2 + j
κ

2
a1. (3.15)

There are independent resonance frequencies and cavity decay rates in above two
equations, but resonance frequencies ω1 and ω2 must be close value for occurrence
of mode coupling.

3.3 Mode coupling induced dark soliton formation

Laser sweep

!mefrequency

Anomalous dispersion

input output

Laser sweep

!mefrequency input output

Normal dispersion

!mefrequency input output

Normal dispersion 
+

 Mode couplingLaser sweep

No soliton forma!on

Bright soliton

Dark soliton

Fig. 3.4: Schematics of bright and dark soliton formation. Mode coupling induced
local dispersion change enables dark soliton formation in spite of system
being normal dispersion.

It is known that normal dispersion cavity is unsuitable for Kerr comb generation
because of lack of modulation instability. However, mode coupling induce large shift
of resonance frequency, and it can make the local dispersion change from normal to
anomalous. This scheme was proposed in 2014, nowadays it is mainstream method
to generate FWM in normal dispersion cavity [39–41]. Schemes of bright and dark
soliton formation is shown in Fig. 3.4. Not only Kerr comb generation in normal
dispersion cavity, but also another advantage is that the position of initial sideband
comb is selectively controlled because the position of mode coupled resonance can
be changed by thermal tuning. There have been many studies on the effect of mode
coupling on Kerr comb generation, and it is known that mode coupling leads to
both positive and negative results, for example single dispersive wave emission and
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interference of Kerr comb generation. Chapter 5 describes numerical study on mode
coupling induced normal dispersion Kerr comb generation, therefore a detail scheme
and background are explained later.

3.4 Spatial mode interaction between different modes

Thus far we mainly discussed mode coupling phenomenon in specific longitudinal
modes, however, let’s focus on spatial mode interaction here. When considering
the interaction between different spatial modes, the overlap of these modes will be
important. In particular, this effect manifests itself in microcavities when discussing
the interaction via stimulated Raman scattering and third-harmonic generation.

3.4.1 Transverse mode interaction via stimulated Raman scattering

Raman effect itself results from the molecular vibration so the gain bandwidth is
depending on the cavity materials. In a same way as FWM, Raman lasing can be
observed in high-Q microresonators thanks to its strong light intensity inside the
cavity. On the contrary, transverse mode interaction via stimulated Raman scatter-
ing is often observed experimentally. To discuss the transverse mode interaction, it
is convenient to express a mode overlap between two different spatial modes as an
effective nonlinear mode volume as

Aeff =

∫

|Ep|2dA
∫

|ER|2dA
∫

|Ep|2|ER|2dA , (3.16)

where Ep and ER are the electric fields of pump and Raman modes, respectively.
This description allows us to analyze the threshold power of Raman lasing via dif-
ferent transverse modes (which means pump mode and Raman mode are different),
and the theoretical and experimental results show that SRS comb in a different mode
family with a high quality factor can be excited when we pump in a low-Q mode,
but no transverse mode interaction occurs when we excite a high-Q mode 1.

Raman interaction in space and time domain results in generation of Stokes soli-
ton, which is trapped by spatially varying refractive index via the Kerr nonlinearity
in pump mode [43]. As described above, Stokes soliton can be interrupted as spatial
and temporal interaction via Raman gain and Kerr effect, and it reveals that soliton
trapping is possible in different transverse modes inside a microcavity.

3.4.2 Efficient third-harmonic generation

Efficient third-harmonic generation requires phase-matching between the pump and
TH modes. First condition is momentum condition, which requires the wavenum-
ber of the pump mode kp to be three times smaller than that of the TH mode
kTH (kTH = 3kp). When the momentum conservation requirement is satisfied, we
next need to consider energy conservation ωTH = 3ωp. It should be noted that
the energy conversion requirement is not automatically met even when momentum

1The work of this contents was published in [42]. See, T. Kato et al., Opt. Express 25, 857-866
(2017).
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3.4. SPATIAL MODE INTERACTION BETWEEN DIFFERENT MODES

conservation is achieved, due to cavity dispersion. It is usually difficult to sat-
isfy the phase-matching condition when we take only the fundamental transverse
mode into account. Therefore, it is known that using a high-order mode for the
visible light mode will compensate for the frequency mismatch, which is defined
as ∆ω = 3ωp − ωTH . The frequency mismatch is the difference between the reso-
nance frequency of TH and the triple frequency of the corresponding pump mode,
so the frequency mismatch needs to be close to zero to achieve efficient conver-
sion. The efficiency also depends on the spatial mode overlap between the pump
and TH modes in addition to the frequency mismatch. Figure 3.5(a) and 3.5(b)
show schematic of phase-matching condition for third-harmonic generation and the
normalized frequency mismatch between the fundamental pump mode and different
modes at visible wavelength, respectively.
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Fig. 3.5: (a) Schematic illustration of phase-matching for third-harmonic generation.
(b) Calculated normalized frequency mismatch between the pump modes and
several visible modes. The phase-matched TH mode around 520 nm is shown
in red. (c,d) Observed optical spectra in pump mode and third-harmonic
mode, respectively. (e) Third-harmonic light shows cubic dependence on
pump power.

The generated TH power with momentum conservation condition (kTH = 3kp)
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is described as

PTH =

(

χ(3)η0

2ε0n2

)2 (
PpQpλp
2πRnAp

)3 (
2πRnQTH
ATHλTH

) 4
∣

∣

∣

∫

E3
pE

∗

THdA
∣

∣

∣

2

4(∆ωτTH)2 + 1
, (3.17)

Ei = Ei(r, z), Ai =
∫

|Ei|2dA, max|Ei|2 = 1 (3.18)

where n is the refractive index, χ(3) is the third-order susceptibility, ε0 is the vacuum
permittivity, and η0 =

√

µ0/ε0 = 377 Ω is impedence of free space. P , Q, λ are
coupled power, cavity quality factor, and optical wavelength, respectively, and 2πR
corresponds to cavity length. The last term describes spatial overlap (numerator)
and frequency mismatch (denominator) where ∆ω is difference of angular frequency
and τTH is photon lifetime of TH mode. The denominator ideally becomes one due
to perfect frequency match. Figure 3.5(c) and 3.5(d) show observed optical spectra
in pump mode and visible mode, respectively. We should note that third-harmonic
mode exhibits cubic dependence on pump power as shown in Fig. 3.5(e). Although
we could not measure the optical power (in Watt), the collected power of generated
TH light was limited to µW level as reported in the previous work [44] because of
the coupling efficiency of visible light into the tapered fiber and surface scattering.

Although we assumed perfect momentum conservation in the above equation, we
would like to discuss the phase mismatch with respect to mode number of angular
momentum m now. Since the wavevector mismatch ∆k is given by

∆k =
npωp
c

− 3
nTHωTH

c

=
np
c

(

mpc

npR

)

− 3
np
c

(

mTHc

nTHR

)

=
1

R
(mp − 3mTH) , (3.19)

and then, converted TH power shows dependence on the square of Sinc function
with effective path length L like,

sinc
(

∆kL

2

)2

= sinc
[

(mp − 3mTH)L

2R

]2

≃ sinc[π(mp − 3mTH)]2. (3.20)

From above relation, we can see that third-harmonic generation in a ring cavity
occurs efficiently when mp − 3mTH is zero, in addition to frequency matching.
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Chapter 4

Effect of clockwise and
counter-clockwise mode
coupling on Kerr comb
generation

In this chapter, we study the impact of inherent mode coupling between
clockwise (CW) and counter-clockwise (CCW) modes on Kerr comb gen-
eration in a small whispering-gallery mode microcavity. Our numerical
analysis using a coupled Lugiato-Lefever equation reveals the range of
the coupling strength in which a soliton pulse can be obtained in the
CW direction. It also showed that CCW comb power depends on the
coupling strength between the CW and CCW modes. In addition to
the simulation, we conducted an experiment to confirm that the power
ratio between the CW and CCW comb modes depends on the coupling
strength, and the experimental results agree well with the simulation re-
sults. This study helps us to understand the relationship between CW
and CCW mode coupling and Kerr comb generation, and the effect on
soliton formation.
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CHAPTER 4. EFFECT OF CLOCKWISE AND COUNTER-CLOCKWISE
MODE COUPLING ON KERR COMB GENERATION

4.1 Introduction

Over the past few years, intense research has been undertaken on Kerr combs using
high-Q optical microcavities [16, 24, 25, 42, 45–54]. An optical frequency comb in
a microcavity, which we call a Kerr comb, has great potential for many applica-
tions including precise spectroscopy [55], optical clocks [56], microwaves [57], and
high-speed optical communications [58]. The generation of temporal solitons in a
microcavity was achieved some time ago, and this enabled the stable and efficient
generation of a Kerr comb [26,59,60].

Mode coupling occurs between different order modes (i.e., TE1-TE2), between
different polarization modes (i.e. TE-TM), between two coupled cavities, and be-
tween clockwise (CW) and counter-clockwise (CCW) modes, which is known as
CW-CCW mode coupling. Such CW-CCW mode coupling is the result of sur-
face scattering by nanoparticles or defects in a WGM microcavity, and it has been
observed in microspheres [34, 35, 61, 62], microrods [6], microrings [21] and micro-
toroids [36, 63, 64]. When different modes couple with each other, the resonant
spectrum exhibits anti-crossing behavior, and this spectrum split is used to induce
a local dispersion modulation, which assists the generation of a comb in a normal
dispersion regime [39–41, 65–67] or distorts the comb spectrum [68]. Although at-
tention has recently been paid to the influence of mode coupling with other mode
families on Kerr comb generation, the impact of CW-CCW mode coupling has re-
ceived attention only very recently [69], despite it being inherent in a small WGM
and microring resonators [36].

In this chapter, we study the influence of CW-CCW mode coupling and discuss
the formation of a Kerr comb and a soliton in a mode coupled WGM microcavity.
For the numerical simulation, we modeled a CW-CCW mode coupled system and
investigated Kerr comb generation using a constant or random mode coupling rate
with different input powers and coupling strengths. We demonstrated CW and CCW
comb formation using a silica toroid microcavity experimentally, and investigated
the way in which the CW-CCW coupling affects the power ratio of the generated
CW-CCW combs. Figure 4.1 shows a schematic illustration of Kerr comb generation
in a CW-CCW coupled cavity.

4.2 Modeling of coupled cavity system with Lugiato-

Lefever equation

We employed Lugiato-Lefever equations (LLE) [53,70–73] to simulate comb genera-
tion. When we consider a single cavity system, the equation is expressed as follows:

∂A(φ, t)

∂t
= −

(

γtot

2
+ iδ0

)

A+ i
D2

2

∂2A

∂φ2
+ ig|A|2A+

√
γextAin, (4.1)

where φ is the azimuthal angle along the circumference of the cavity, t is the time that
describes the evolution of the field envelope, γtot is the cavity decay rate, δ0 = ω0−ωp
is the detuning of the light frequency from the resonance, D2 is the second-order

dispersion, g is a nonlinear coefficient, and Ain =
√

Pin/~ωp is the input field. Note
that the formula for the cavity decay rate, quality factor, and resonance frequency
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4.2. MODELING OF COUPLED CAVITY SYSTEM WITH
LUGIATO-LEFEVER EQUATION

Detector

Mode coupling  κ

CCW CW

Detector
Pump

Microcavity

γ
0

γ
ext

Fig. 4.1: Schematic illustration of a CW and CCW coupled cavity. The cavity is
pumped in the CW direction, and the comb outputs in both the CW and
CCW directions are recorded.

ω0 is given as γtot = ω0/Q = γ0 + γext, where Q0 = ω0/γ0 is the intrinsic Q factor
and Qext = ω0/γext is the external Q factor. The nonlinear coefficient g is given
as ~ω2

0cn2/(n2
0Veff), where n2 is the nonlinear refractive index, c is light speed in a

vacuum and Veff = AeffL is the effective mode volume of the cavity (where Aeff is
the effective mode area and L is the cavity length). In this work, we model CW-
CCW mode coupling and so we added a mode coupling term to the Lugiato-Lefever
equations [74]:

∂A(φ, t)

∂t
= −

(

γtot

2
+ iδ0

)

A+ i
D2

2

∂2A

∂φ2
+ ig|A|2A+ i

κµ
2
B +

√
γextAin, (4.2)

∂B(φ, t)

∂t
= −

(

γtot

2
+ iδ0

)

B + i
D2

2

∂2B

∂φ2
+ ig|B|2B + i

κµ
2
A, (4.3)

where κµ is the linear coupling coefficient between modes A and B, which correspond
to the CW and CCW modes, respectively. The difference between this coupling
coefficient and that in [39, 74] results from different definitions of coupling rate. In
this work, κ/2π is the width of resonance splitting [36]. By setting the κµ value
for each mode, we can calculate the linear and nonlinear effects in a CW-CCW
coupled cavity. The simulations are implemented using the split-step Fourier method
with 256 frequency modes. In addition to frequency and time domain analysis, we
monitored the average intracavity power. This analysis helps us to understand the
dynamics of comb generation in a mode coupled cavity system. The third terms
in Eq. (4.2) and Eq. (4.3) on the right-hand side describe the Kerr effects (self-
phase modulation). In this model, we neglected thermo-optic effect and the cross-
phase modulation (XPM) between counter-propagating modes because the XPM
interaction is very weak and can be neglected for short pulses [75]. However, even
when we considered the nonlinear coupling between counter-propagation waves, we
confirmed that the effect is small.
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4.3 Numerical simulation in silica toroid microcavity

4.3.1 Without mode coupling
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Fig. 4.2: (a,b) Simulated optical spectrum and temporal waveform, respectively. (c)
Average intracavity power versus detuning during laser scanning from blue
to red.

Before calculating the comb generation in the CW-CCW coupled model, we
simulated a Kerr comb without mode coupling to confirm whether or not the selected
parameters were appropriate and the results comparable to those obtained with the
CW-CCW coupled model that we describe later. In this calculation, we consider
the following parameters for a silica toroid microcavity whose major and minor
diameters are 50 and 7 µm, respectively: input wavelength λp = 1542 nm, refractive
index n = 1.44, nonlinear refractive index n2 = 2.2 × 10−20 m2/W, Q0 = 2 × 107,
Qext = 2 × 107 and Aeff = 5 µm2. The cavity free-spectral range (FSR) D1/2π is
1350 GHz, and the second-order dispersion D2/2π = 23.8 MHz (anomalous group-
velocity dispersion). These values are calculated with the finite element method
(FEM). Note that these parameters are for the second-order TE mode in a silica
toroid.

Figure 4.2(a) and 4.2(b) are the calculated comb spectrum and the time domain
waveform, respectively, with 100 mW pumping. As shown in Fig. 4.2(c), the intra-
cavity intensity exhibited chaotic behavior and then became stable as we swept the
input laser. As already reported in many previous studies [26, 76], this is typical
soliton generation behavior (e.g., soliton step) in an anomalous dispersion regime.
The appearance of such behavior in a coupled cavity system is an indication as to
whether or not modal coupling affects soliton generation.
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Fig. 4.3: Simulated optical spectrum (a,b) and temporal waveform (c,d) of CW (red)
and CCW (blue) directions when the CW-CCW mode coupling is the same
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represent the CW and CCW directions, respectively.
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4.3.2 Constant coupling with all modes

Our main interests are as follows; whether or not soliton formation with the CW
mode is affected by CCW mode coupling, the mechanism of CCW comb generation
and whether or not CW and CCW soliton pulses are obtained simultaneously in
spite of unidirectional pumping. To answer these questions, first, we assume a
constant coupling parameter for all modes, which corresponds to CW-CCW mode
coupling with the same coupling strength. The mode coupling parameter Γ = κµ/γ
represents the coupling strength of each mode [36] (γ = γtot in this work), and the
other parameters are the same as in Fig. 4.2. The threshold power of parametric
four-wave mixing (FWM) is described in [77]; therefore the calculated threshold is
about 1 mW. The CCW mode experiences parametric oscillations when the FWM
gain exceeds the cavity loss.

Figure 4.3 shows the calculated results with constant coupling Γ = 1.0 and in-
put power Pin = 100 mW. In this condition, the obtained CW comb spectrum and
intracavity intensity are almost the same as those in Fig. 4.2, which indicates that
the CW comb is not disturbed by mode coupling with Γ = 1.0. However, the intra-
cavity power of the CCW mode did not exhibit typical soliton formation behavior.
Although the intracavity power of both the CW and CCW modes increased until
the detuning reached 0.2×10−3, the power of the CCW mode decreased significantly
when the CW mode generated a pulse (> 1 × 10−3). We confirmed that the CCW
mode receives the power of the CW comb by fixed coupling in the spectrum domain.
As a result, the spectrum and the time domain waveform of the CCW mode are
similar to those of the CW mode; however the peak power is orders of magnitude
smaller than that of the CW mode.

To undertake further analysis, we changed the coupling strength and input power
parameters. Figure 4.4(a) and 4.4(b) show the intracavity intensity with Γ = 0.5,
Pin = 50 mW and Γ = 3.0, Pin = 200 mW, respectively. Figure 4.4(c) and 4.4(d)
show numerical investigation of the probability of soliton generation when changing
input power and dispersion, respectively. These investigations allows us to know the
range in which soliton formation in the CW mode is unaffected by coupling. We
obtained only two types of result; one was a soliton state in the CW direction and the
other was a no soliton state in either direction. With a small Γ value, the CW mode
exhibits a stable soliton state. However, with a Γ value of > 2.5, the probability
suddenly decreases. When Γ > 3.0, the CW mode could not be transformed into
a soliton state when the dispersion is large. From these results, we found that the
mode coupling strength affects the probability of soliton formation in the CW mode.
Only very strong coupling induces competition between the intracavity powers of the
CW and CCW modes and disturbs Kerr comb formation in the CW mode. In other
words, the coupling between the CW-CCW modes will not affect the generation of
a Kerr comb in the CW direction as long as the coupling is within the practical
strength range in silica microtoroids [78].

Although we employ a general forward wavelength scan [26], various methods
for deterministic soliton generation have been reported [40,76,79]. We would like to
emphasize that CW-CCW coupling might also affect the reliability of these methods.

We also considered a case where scattering occurs at a different position at each
roundtrip by adding a phase term κµ = κ′

µe
iψµ to the coupling term, where ψµ is

randomly changed at each time step. We found that the CW mode is not affected by
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Fig. 4.4: (a) Average intracavity power with Γ = 0.5, Pin = 50 mW, and D2/2π =
23.8 MHz. CW direction forms a soliton. (b) Simulated results with Γ = 3.0,
Pin = 200 mW, and D2/2π = 20 MHz. In this case, neither the CW nor
CCW mode can achieve a soliton state. (c,d) Numerical investigation of
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power (c) and second-order dispersion (d), respectively. In each case, the
calculations were performed 100 times.
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the random phase, but the spectrum and the waveform at CCW are affected. The
spectrum and the temporal waveform vary at each roundtrip, and the CCW output
is unstable. This indicates that the output in the CCW direction is unstable when
the scattering occurs at a random position in the cavity. However, as we will show
later, the spectrum in the CCW direction is stable in the experiment, which suggests
that the CW-CCW mode coupling is the result of scattering at nanoparticles and
defects in a WGM cavity and does not change the position in time.

4.3.3 Random coupling with all modes
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Fig. 4.5: (a,b) Simulated optical spectrum of the CW and CCW modes when the
coupling strength is randomly set with Γ = 0 to 4.0 as shown in (c). The red
dashed line in (b) shows the envelope of the CW comb spectrum in (a). (d,e)
Simulated temporal waveforms for CW (red) and CCW (blue) directions. (f)
Average intracavity power and normalized detuning of CW and CCW modes.

Thus far we have assumed constant coupling, however in fact the coupling
strength is not always the same for all modes. This has been observed experi-
mentally and can be explained by the presence of multiple scattering points [37].
We also confirm the way in which the difference between the coupling parameters of
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4.4. EFFECT OF NONLINEAR COUPLINGS BETWEEN
COUNTER-PROPAGATING MODES

each longitudinal mode affects Kerr comb generation. Figure 4.5 shows the results
with Γ = 0 ∼ 4.0 and Pin = 100 mW. The Γ value of each mode is randomly selected
from 0 to 4.0 by a pseudorandom number algorithm whose average value is about
2.0. Calculated spectra of the CW and CCW modes are shown in Fig. 4.5(a) and
4.5(b), respectively. We show only 30 modes to make it easy to compare the power
difference. The CCW mode experienced random coupling Γ from 0 to 4.0 as shown
in Fig. 4.5(c). In particular, the CCW comb intensities of modes µ = −7, 2 and
7 are weaker than those of the other modes depending on the coupling strength Γ.
On the other hand, the intensity of some combs (e.g., µ = 3, 4) is correspondingly
strong. Even when a CW mode is in a soliton state [Fig. 4.5(a) and 4.5(f)] or in a
Turing pattern state (not shown), the intensity of the CCW mode is weak and the
waveform is not smooth [Fig. 4.5(e)]. These results show that the CCW comb teeth
are directly affected by the coupling strength and could not be compensated with
the nonlinear effect. On the other hand, the CW mode generates a soliton pulse in
spite of random coupling as shown in Fig. 4.5(d).

4.4 Effect of nonlinear couplings between counter-propagating

modes

The coupling between the CW and CCW modes is small, because the symmetry
breaking of resonance is induced by cross-phase modulation (XPM) between two
counter-propagating lights [80]. Since the nonlinear induced symmetry breaking,
which induces the frequency offset between CW and CCW resonant modes, occurs
before the generation of FWM, it suppresses the coupling between them. However,
there is a possibility that XPM and FWM between counter-propagating modes af-
fects the waveforms as observed in previous studies [69,81,82]. Hence, here we con-
sider the effect of these effects on Kerr comb generation in a counter-propagating
model. We followed the model described in [69, 83, 84], and added a nonlinear cou-
pling term to the coupled Lugiato-Lefever equations.

∂A(φ, t)

∂t
= −

(

γtot

2
+ iδ0

)

A+ i
D2

2

∂2A

∂φ2
+ ig(|A|2 + 2|B|2)A+ i

κµ
2
B +

√
γextAin,

(4.4)

∂B(φ′, t)

∂t
= −

(

γtot

2
+ iδ0

)

B + i
D2

2

∂2B

∂φ′2
+ ig(|B|2 + 2|A|2)B + i

κµ
2
A, (4.5)

where the azimuthal coordinate in CCW mode φ′ = φ+ 2D1t.
We performed calculations with Eq. (4.4) and Eq. (4.5), using the parameters

described in Section 4.3. Figure 4.6 shows the results we obtained with random cou-
pling. The calculated spectra of the CW and CCW modes are shown in Fig. 4.6(a)
and 4.6(b), and the coupling rate is shown in Fig. 4.6(c). There is almost no differ-
ence between these results and those shown in Fig. 4.5, where no nonlinear coupling
is taken into account. This confirms that the effect of the nonlinear coupling between
counter-propagating waves is limited in our case.
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Here, we would like to add some note on the validity of Eq. (4.4) and Eq. (4.5),
and the accuracy on the numerical simulation. When we write the forward propa-
gating (CW) wave as A(ϕ −D1t), the backward propagating wave (CCW) is given
as B(ϕ + D1t). We use a moving frame that propagates forwardly (CW direction)
at a group velocity (i.e. φ = ϕ − D1t). Then A and B are rewritten as A(φ) and
B(φ′), where φ′ = φ+ 2D1t. As such, we obtain Eq. (4.4) and Eq. (4.5).

By directly solving these equations, one can fully simulate the effect of XPM.
This raises an interesting question; the equation shows that a very small time-step
∆t is required for the calculation to analyze the XPM in counter-propagating waves
accurately. It should be noted that, the split-step Fourier method is developed to
allow us to use large ∆t that enables the reduction of the calculation cost. Therefore,
one might argue that the use of LLE is nonsense when small ∆t step is required for
the calculation. On the other hand, researchers have routinely used LLE to simu-
late the CW-CCW system [69], and obtained good agreement with the experiment
even when large ∆t is used. We have set the time-step ∆t to satisfy the following
condition; 2D1∆t = nπ, where n is an integer number (we have used n = 2 in
our calculation). Since pulses propagating in opposite directions collide at every
half around in a WGM microcavity, we are calculating the nonlinear interactions at
timings when two pulses always perfectly overlaps in space. This leads to a quick
concern, that the XPM is overestimated. We indeed have carefully checked on the
accuracy, but have confirmed that the overestimation is so small and does not affect
the calculation result.
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Fig. 4.6: (a,b) Simulated optical spectrum of the CW and CCW modes with XPM
terms when the coupling strength is randomly set as in Fig. 4.5 as shown in
(c). The dashed red line in (b) shows the envelope of the CW comb spectrum
in (a).
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4.5. INVESTIGATION INTO SILICON NITRIDE MICRORESONATOR

4.5 Investigation into silicon nitride microresonator

We studied the soliton generation under strong-coupling condition in silicon nitride
(Si3N4) microresonator. The Q of > 1 × 107 is recently reported in silicon nitride
microresonator [20,21], and so the effect of the mode splitting is now non-negligible.
Indeed clear mode splitting has been observed in such high-Q resonator [21], and
hence; this investigation will help to understand the condition required for soliton
generation in such a high-Q SiN microresonator.

Figure 4.7(a)-4.7(d) show the calculated results with constant coupling Γ = 1.0
and input power Pin = 10 mW. The other parameters are as follows [85]: λp =
1545 nm, n = 1.98, n2 = 2.4 × 10−19 m2/W, Q0 = 1 × 107, Qext = 2 × 107,
Aeff = 1.5 µm2, D1/2π = 1000 GHz, and D2/2π = 20 MHz. Figure 4.7(e) and 4.7(f)
show the probability of soliton generation for different input power and dispersion,
respectively. The probability of soliton formation in CW mode is smaller when Γ is
large. We also found that high Pin allows us to obtain higher probability of soliton
formation. Such information will help us to achieve stable soliton generation in
high-Q SiN microresonator.

4.6 Experimental measurement

In this section, we describe an experimental demonstration of Kerr comb generation
with a CW-CCW mode coupled silica toroid microcavity. The numerical results in
Fig. 4.5(b) and 4.5(c) show that a CCW comb clearly has a relationship with the
coupling strength of each mode. From this point of view, when we observe the comb
spectra for both directions, the difference in coupling strength should appear in the
frequency spectrum.

We fabricated a silica toroid microcavity using photolithography, SiO2 etching,
XeF2 gas etching and a CO2 laser reflow process [3]. The fabricated microcavity had
a diameter of 45 µm. The diameter was carefully selected, because the dispersion of
a microcavity with too small a diameter is normal, whereas an anomalous dispersion
is needed to generate a Kerr comb [86,87]. We used the second-order mode because
it exhibits an anomalous dispersion. The mode is selectively excited by adjusting
the position of a tapered fiber [88,89]. It should be noted that a WGM microcavity
with a small diameter exhibits strong CW-CCW mode coupling.

The setup we used for our experimental measurement is shown in Fig. 4.8. The
light from a tunable CW laser operating at 1548 nm was input into the cavity
through an optical circulator. The amplified input power of ∼300 mW and the
generated comb were observed with an optical spectrum analyzer (OSA). A CCW
comb could be also analyzed through a circulator with another OSA. We employed
a tapered fiber with a diameter of 1 µm to couple the light into the microcavity.

First, we simultaneously measured the combs generated in the CW and CCW
directions by using a circulator at the input port. The results are shown in Fig. 4.9(a)
and 4.9(b), where we observe clear comb spectra in both directions. It should be
noted that the envelope of the CW comb is triangular, which suggests that the
comb in the CW direction is in a low-noise initial state, which is known as a Turing
pattern. On the other hand, the CCW direction is stable with respect to time but
produces an irregular spectrum shape. We measured the transmittance spectrum
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4.6. EXPERIMENTAL MEASUREMENT

of the longitudinal lines precisely and characterized the mode splitting. The result
for one of the lines is shown in Fig. 4.9(c), where we observe a clear mode splitting
spectrum with a splitting width of κ/2π = 22 MHz. The coupling strength differs
for different modes, but falls within the 10 to 50 MHz range. It should be noted
that the typical measured linewidth implies Q ∼ 1 × 107. Although the output from
a charged cavity generally exhibits Rabi-like oscillation [36], the output is a stable
continuous wave when the mode is continuously sustained by FWM gain. Thus we
confirmed that the generated comb was stable even for a system with a coupled
CW-CCW mode.
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Next, we compared the power ratio of the CW and CCW modes (Pµ) with
the strength of the CW-CCW coupling (Γ = κ/γ). We calculated Pµ from the
CW and CCW powers of the modes by using Fig. 4.9(a) and 4.9(b). Moreover, we
measured the transmission spectrum of each longitudinal line and carefully obtained
the splitting width κ/2π, as shown in Fig. 4.9(c). Here, we calculated the power ratio
Pµ by dividing the CCW peak power by the CW peak power. The Pµ and Γ results
for each mode are summarized in Fig. 4.9(d), where the two lines show a strong
correlation, which indicates that the CCW comb is generated by the scattering
of each CW comb component. This in turn indicates that the FWM process is
dominant in the CW direction, and nonlinear mixing rarely occurs in the CCW
direction. We confirmed that the coupling strength of each mode is a dominant
factor in the CCW direction, and the trend of these experimental results agrees
with the numerical simulation shown in Fig. 4.5.

As already reported in previous work [68, 90], the strong crossing of modes in-
fluences the comb spectrum since the resonance positions of longitudinal modes are
especially important for the phase-matching condition. However, in our experiment,
CW-CCW modal coupling is limited, therefore the comb spectrum does not seem
to suffer any serious effects.

These results indicate that it will be possible to determine the coupling strength
of each longitudinal mode by employing a power ratio measurement with FWM,
which is a much easier and more efficient way to measure the coupling strength than
to measure the spectrum splitting of each longitudinal line individually.

When we measured the transmission spectrum, we observed only that in the
CW direction because it is sufficient for determining the split width. To measure
the coupling, we need to precisely measure the transmittance spectrum in the CW
direction and resolve the spectrum splitting, which is often not an easy task, es-
pecially when we are interested in more than one longitudinal line. On the other
hand, if we observe the generated comb in both the CW and CCW directions si-
multaneously, we might be able to obtain information about the CW-CCW mode
coupling in the broad wavelength regime immediately, without employing an ultra-
precise transmittance spectrum measurement. Therefore, an understanding of the
relationship between comb generation and CW-CCW mode coupling may also be
advantageous as regards the CW-CCW coupling measurement.

4.7 Summary

In conclusion, we demonstrated Kerr comb generation in a CW and CCW mode
coupled microcavity both experimentally and theoretically. In the numerical sim-
ulation, we developed a model with which to study a CW-CCW mode coupled
system based on a Lugiato-Lefever equation. The calculation result suggested that
CW-CCW coupling will not degrade the CW comb and soliton formation as long
as the system has a sufficiently anomalous dispersion and weak coupling. In the
experiment, we observed the contribution of linear scattering to the generation of
a comb-like spectrum in the CCW direction. The splitting width and the ratio of
the generated CW-CCW comb components showed good agreement thus suggest-
ing that this method can even be used to determine the coupling strength of each
longitudinal mode simultaneously. We hope that this work will contribute to a bet-
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ter understanding of the recent study of Kerr combs when strong mode coupling is
present.
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Chapter 5

Numerical investigation of mode
coupling induced Kerr comb
generation in normal-dispersion
coupled microcavities

We performed numerical simulation of mode coupling assisted normal dis-
persion Kerr comb generation using nonlinear coupled mode equations
including mode coupling between two different mode families. Theo-
retical analysis for phase-matching condition helps us to know suitable
parameter for FSR-selectable comb formation. We also investigated 1-
FSR comb generation, and found that unstable (oscillating) operating
region are present depending on detuning. We consider both mode cou-
pling induced phase-matching and Kerr comb generation using two mode
equations, and demonstrate systematic and rigorous numerical simula-
tion. This modeling approach will be a powerful tool for assisting future
work in terms of dispersion engineering for Kerr comb generation and
frequency tuning for deterministic mode-locked comb generation.
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CHAPTER 5. NUMERICAL INVESTIGATION OF MODE COUPLING
INDUCED KERR COMB GENERATION IN NORMAL-DISPERSION
COUPLED MICROCAVITIES

5.1 Introduction

Kerr frequency comb, which are generated from high-Q microcavities, have been ex-
pected for achieving a variety of applications thanks to its compactness, low power
consumption, and high repetition rate [47]. Particularly, one promising application
is a light source for optical coherent telecommunications [58, 91, 92]. Kerr combs
offer tens or even hundreds of gigahertz equally spaced line spacing, and therefore
they are feasible for massively integrated optical communication system. Recently,
data transmission experiment with a data stream of more than 50 Tbit/s has been
demonstrated using dissipative Kerr soliton comb in on-chip silicon nitride microres-
onators [91]. These works pave the way to utilize Kerr combs for chip-scale light
source in wavelength-division multiplexing (WDM), however, some challenges, which
should be overcome, still remain for practical uses. In particular, conversion effi-
ciency of nonlinear process can be a limitation for commercial use because reported
conversion efficiency of Kerr soliton comb in anomalous dispersion regime is typi-
cally below a few percent [93, 94], and this leads to low power level of each comb
line aggravating noise figure and insertion loss.

In contrast to mode-locked Kerr comb in anomalous dispersion (i.e., bright soli-
ton), mode-locked Kerr comb in normal dispersion (i.e., dark soliton) enables more
higher conversion efficiency exceeding 30% in the infrared wavelength regime [95].
However, in general, normal dispersion has often been unsuitable for Kerr comb
generation due to the lack of modulational instability [86, 96]. This issue has been
solved by utilizing mode coupling induced resonance frequency shift, which makes
local anomalous dispersion despite the overall dispersion being normal [39–41, 67].
As a result, modulation instability occurs in the mode coupled resonance, and ini-
tial sidebands can be generated. Kerr comb generated via such process has been
considered as forming a dark pulse, and it has been confirmed by experimental and
theoretical works [40, 41, 67]. These previous works ensure that normal dispersion
Kerr comb generation is more attractive than anomalous dispersion Kerr comb with
respect to efficiency and repeatability of soliton formation [40]

In this chapter, we modeled and simulated mode coupling assisted normal disper-
sion Kerr comb generation in a coupled cavity system using nonlinear coupled mode
equations (NCMEs). Numerical simulation including mode coupling effect has been
conducted with various way using Lugiato-Lefever equations [40, 67, 74, 97, 98] and
nonlinear coupled mode equations [99–102], nevertheless, there is rarely work that
consider both mode-coupling-induced phase-matching and Kerr comb generation us-
ing identical two-mode equations. This modeling enabled us not only to simulate
more rigorous comb evolution including two different mode families but also to find
suitable parameters for practical experiment. Moreover, we report an oscillating and
non-oscillating behavior of optical spectrum during Kerr comb evolution, which are
very sensitive to chosen parameters.

5.2 Theoretical analysis

We show a theoretical analysis which provides important information of phase-
matching condition in normal dispersion system based on coupled mode equation [29].
Figure 5.1 shows schematic illustration of the coupled cavity system during comb
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Fig. 5.1: (a) Schematic illustration of coupled cavity system for normal dispersion Kerr
comb generation. (b) Main cavity is pumped by continuous wave laser, and
auxiliary cavity is used to induce mode coupling. Initial sidebands are gen-
erated at hybridized mode where the phase-matching condition is satisfied.

generation in normal dispersion system. Main cavity is only pumped by continuous-
wave (CW) laser and generates Kerr comb via cascade four-wave mixing (FWM).
Auxiliary (Aux.) cavity is for inducing mode coupling with main cavity. They
are both normal dispersion (dωFSR/dω < 0) but have slightly different free-spectral
range (FSR) and dispersion. In addition, there is an offset between center frequencies
∆ωb/2π, which determines frequency standard of the two mode families.

5.2.1 Supermode resonance induced by mode coupling
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Fig. 5.2: Numerical investigation of transmittance (a) without and (b) with mode
coupling (κ/2π = 1000 MHz) when changing frequency detuning of auxiliary
mode. Transmittance spectrum with same detuning of two resonances is
shown in green line in (b).

Mode coupling induces two new supermode resonance frequencies, which are calcu-
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lated by the following coupled mode equations [29,36].

da

dt
= (jωa − γa

2
)a+ j

κ

2
b, (5.1)

db

dt
= (jωb − γb

2
)a+ j

κ

2
a, (5.2)

where a and b are the field amplitude of main and auxiliary modes with time de-
pendences exp(jωt), respectively, ωa and ωb are the each resonance frequencies, γa
and γb are the each cavity loaded decay rates, and κ is coupling rate. The loaded
decay rate γ is the sum of intrinsic decay rate γint and coupling rate with the ex-
ternal waveguide γext. The difference between this coupling coefficient and that in
Ref. [29] (denominator part "2") results from different definitions of coupling rate.
In this work, κ/2π expresses the full-width of resonance splitting [36]. Note that
the relation of cavity decay rate, quality factor, and resonance frequency is given
as γ = ω/Q. When determinantal equation of Eqs. (5.1), (5.2) is solved, we obtain
new two resonance frequencies from the real parts of following eigenvalues ω±,

ω± =
ωa + ωb

2
+
j

2
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2
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2
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∣
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2

. (5.3)

Figure 5.2 shows numerical investigation of transmission spectrum with and with-
out mode coupling effect when we change the detuning of auxiliary mode. Without
mode coupling (κ/2π = 0), main mode is not affected, and thus resonance frequency
does not change as shown in Fig. 5.2(a). With mode coupling (κ/2π = 1000 MHz),
two resonances are coupled and form the hybridized resonances whose one of them
is red-shifted and the other is blue-shifted against the original resonance position
[Fig. 5.2(b)]. When the detuning between two different resonance frequencies is zero,
the full-width of mode splitting corresponds to the value of κ/2π perfectly (green
line).

5.2.2 Phase-matching condition induced by mode coupling

Phase-matching condition for initial sideband generation is considered as the relation
between three modes; pump ω0, signal ωµ and idler ω−µ. First, we introduce the
resonance asymmetry factor ∆as = ωµ − ω0 − (ω0 − ω−µ) the same way as Ref. [41].
This is also same definition when discussing the phase-matching condition of four-
wave mixing with fourth-order dispersion [89]. The resonance frequency is expressed
as ωµ = ω0 +µD1 + (1/2)µ2D2, where D1 is the cavity-FSR, D2 is the second-order
dispersion (D2 < 0 corresponds to the normal dispersion), and the higher-order
dispersions (i.e. third, fourth) are neglected.

Although a Kerr comb generation requires anomalous dispersion in general, the
positive asymmetry factor (∆as > 0) can generates modulation instability in the rela-
tive mode number at ±µ in spite of the overall dispersion being normal. We note that
the resonant mode exhibiting positive dispersion can be selectively changed by tun-
ing the resonance frequency of auxiliary mode. This scheme has been demonstrated
experimentally using dual-coupled silicon nitride microrings, which have integrated
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heater for resonance tuning by thermo-optic effect [41]. Such systems allow to con-
trol the location of initial comb lines, which correspond to generate arbitrary-FSR
mode-locked Kerr comb in normal dispersion.
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Fig. 5.3: Theoretical analysis of asymmetry factor versus offset frequency of Aux.
mode on each mode. Gray shaded region indicates no MI region because
of local dispersion being normal dispersion. Asymmetry factor dramatically
increases in each mode number µ in red shaded region (∆ωb/2π = 0 ∼
5 GHz).

Figure 5.3 shows the asymmetry factor ∆as versus the offset frequency of aux-
iliary mode ∆ωb on each mode number µ. Gray shaded region indicates no MI
region due to the negative asymmetry factor. Offset frequency ∆ωb is defined as
ωbµ = ω0 + ∆ωb + µD1b + (1/2)µ2D2b [see also Fig. 5.1(b)]. When offset frequency
∆ωb is zero, the center frequency ω0 is equal to that of main mode, which means
center modes (µ = 0) of main and auxiliary are completely degenerated. On the
other hand, when the offset frequency has positive value, the asymmetry factor and
the location where the strong interaction occurs can be gradually changed.

As the mode number µ increases, offset frequency region that satisfies phase-
matching condition become narrower. We also found the existence of no MI region
between 4-FSR and 5-FSR state, and 5-FSR and 6-FSR state. These features mean
that precise frequency tuning is still more needed for high-FSR (i.e. 5-FSR, 6-
FSR) comb generation. Offset frequency is nearly zero (two center frequencies are
strongly coupled), asymmetry factor on each mode number dramatically increases
(red shaded region). In this region, we can no longer select the position of initial
comb sidebands because of the competition of MI gain between other modes. We
discuss feature of comb generation in that region [see Section 5.4 in detail].

Further analysis on the phase-matching condition versus mode coupling strength
κ/2π is shown in Fig. 5.4. Mapping indicates that strong coupling (large mode
splitting) enables strong asymmetry factor and narrows no MI region. These analysis
allow us to know critical condition on frequency tuning for arbitrary-FSR comb
generation. A gap of the offset frequency from 1-FSR to 6-FSR regioin is about
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65 GHz when κ/2π = 3.34 GHz, which agrees the experimental report on frequency
shift of main mode ∼ 64.8 GHz roughly estimated by thermal heater power and
thermal shifting efficiency [41].
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no MI region becomes narrower because phase-matching condition satisfies
easily.

5.3 Numerical simulation

5.3.1 Nonlinear coupled mode equations with mode coupling

We employed dimensionless coupled mode equations to simulate comb generation.
When we consider a single cavity system, the equation is expressed as follows:

∂aµ
∂t

= −
[

γ

2
+ i(ωµ − ωp − µD1)

]

aµ + ig
∑

j,k

ajaka
∗

j+k−µ + fδµ0, (5.4)

where aµ is slowly varying amplitude of comb mode, ωp is the pump frequency, and
g = ~ω2

0n2D1/(2πn0Aeff) is the Kerr nonlinear coefficient, where n2 is the nonlinear
refractive index, n0 is the refractive index, and Aeff is the effective mode area.

f =
√

γextPin/~ωp is the external pumping term, and δ0 is the Kronecker delta

indicating that only µ = 0 is pumped. Each term of the right-hand side of Eq. (5.4)
represents the loss, cavity detuning and dispersion, Kerr effect, external pump. In
following simulation, we calculated 201 total modes with the 4th-order Runge-Kutta
method and a fast Fourier transform acceleration algorithm [103]. The weak white
noise field was added at the beginning of the each calculation.

In this work, we consider interaction between two different mode families, so
nonlinear coupled mode equations considering two modes are as follows:
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∂aµ
∂t

= −
[

γa
2

+ i(ωaµ − ωp − µD1a)
]

aµ + iga
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∗
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bµ, (5.5)
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= −
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2

+ i(ωbµ − ωp − µD1b)
]

bµ + igb
∑

j,k

bjbkb
∗

j+k−µ + i
κ

2
aµ. (5.6)

Here aµ (main) and bµ (aux.) are slowly varying amplitude of each comb mode,
respectively. Kerr nonlinear coefficient ga and gb are independently determined by
above definition. Last terms of the right-hand side of Eq. (5.5) and (5.6) represent
linear mode coupling with another mode family. In this work, we neglected cross-
phase modulation between main mode and auxiliary mode because we assume the
effect is relatively small in this case.

5.3.2 FSR-selectable comb simulation

To confirm the validity of our modeling, we first would like to follow the experimen-
tal study by X. Xue et al. [41]. The authors used dual silicon nitride microrings
with integrated heater, which can facilitate the wavelength tuning of auxiliary mode
(corresponding to changing the offset frequency ∆ωb in this work). The calculation
parameters shown in Table 5.1 are mainly referred to [41].

Table. 5.1: Calculation parameters.

Parameters Symbol Values (Main) Values (Aux.) Units

refractive index n0 1.98 1.98 −
nonlinear refractive index n2 2.4 × 10−19 2.4 × 10−19 m2/W

center frequency ω0/2π 191.9 191.9 THz

offset frequency ∆ωb/2π − variable GHz

cavity FSR D1/2π 378 391 GHz

dispersion D2/2π −16 −17 MHz

effective mode area Aeff 1.10 1.10 µm2

loaded quality factor Q 7.5 × 105 3.7 × 105 −
external quality factor Qext 3.5 × 106 − −

mode coupling rate κ/2π 3.34 3.34 GHz

input power Pin 500 − mW

Figure 5.5 shows the results of 3-FSR comb generation with the offset frequency
∆ωb/2π= 36 GHz, which is determined by theoretical investigation as shown in
Fig. 5.3. Cavity dispersion (ωµ − ω0 − µD1) with (red) and without (green) mode
coupling are shown in Fig. 5.5(a) indicating that strong mode interaction occurs
in three mode apart from the pump mode. Figure 5.5(b-d), respectively, show
the average intracavity power, the evolution of the optical spectrum and temporal
waveform versus normalized detuning tR(ω0 − ωp) (tR is the cavity roundtrip time
of main mode).
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As the previous work reported, initial comb sidebands generated at 3-FSR, where
the strong mode coupling occurred, and formed stable 3-FSR comb without passing
through chaotic state. Even though we set a different initial noise, the trajectory
of the intracavity power follows the same path, which corresponds to deterministic
mode-locked dark pulse generation.

Optical spectrum and temporal waveform in each detuning are shown in Fig. 5.5(e-
g) where red is the main mode and blue is the auxiliary mode. With increasing
detuning, duration of dark pulse become broader (spectrum bandwidth become also
broader), and therefore it looks like bright soliton with periodic oscillatory tails.
Moreover, optical spectra show the asymmetrical shape with respect to the pump
mode. Such trends are related to the effect of higher-order dispersion (i.e. disper-
sive waves [60]), however second-order dispersion is only included in our modeling.
Therefore we can say that introduced mode coupling term induces the asymmetric
comb spectrum and temporal waveform.

Figure 5.6 shows calculated results of multi-FSR comb generation. Only changing
offset frequency from 5.5 GHz to 76 GHz, we obtained arbitrary-FSR comb genera-
tion, which shows good agreement with experimental results [41]. From these result,
we confirmed the above modeling is more useful to simulate Kerr comb generation
in coupled cavity system when the each cavity parameter are well known.

We note that some features are related to the recent theoretical works; oscillatory
tails [67], angular pulse velocity change depending on detuning [104]. In particu-
lar, platicons [100] are closely related to this work, although there are following
differences: introducing mode shift of only one mode [100] vs. introducing rigorous
avoided crossing effect (this work), calculating only main mode [100] vs. calculating
two modes and considering energy transfer between two modes (this work). Since the
recent studies reveals energy transfer between coupled modes potentially affects the
soliton formation [105], we believe that this model helps to simulate more rigorous
comb spectra and time domain waveform in realistic system.

5.4 Oscillating behavior in 1-FSR comb generation

In this section, we investigate 1-FSR comb generation with different offset frequency.
Figure 5.7(a) shows the relation between asymmetry factor and offset frequency in
1-FSR (zoom of Fig. 5.3). First, we chose different four offsets (∆ωb/2π = 5.25,
7.75, 10.0, 12.5 GHz) and performed comb simulation. Figure 5.7(b) shows each
calculated average intracavity power, where the oscillating behaviors are observed
even in any offset frequencies (gray shaded region). These behaviors have never seen
in 3-FSR comb generation [see Fig. 5.5(b)], and oscillating region seems to strongly
depend on detuning and offset frequency.

Figure 5.7(c) shows the evolution of optical spectrum with ∆ωb/2π = 7.75 GHz,
and calculated results in each state are shown in Fig. 5.7(d). In initial state before
the oscillation (detuning = 0.004 ∼ 0.012), comb spectrum are stable but the band-
width is relatively narrow. After the initial state, optical spectrum become unstable
dramatically. As a result, intracavity power apparently oscillates in certain detun-
ing (detuning = 0.012 ∼ 0.017). Finally, comb spectrum become stable again after
detuning reaches 0.017. In this state, intracavity power shows small steps, which cor-
responds to transition of comb spectrum and temporal waveform. These small steps
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Fig. 5.6: Simulated optical spectra and temporal waveforms with different offset fre-
quency ∆ωb/2π. The blue marks indicate the locations of strong mode cou-
pling. (a) 1-FSR, ∆ωb/2π = 5.5 GHz. (b) 2-FSR, ∆ωb/2π = 17 GHz. (c)
3-FSR, ∆ωb/2π = 36 GHz. (d) 4-FSR, ∆ωb/2π = 50 GHz. (e) 5-FSR,
∆ωb/2π = 64 GHz. (f) 6-FSR, ∆ωb/2π = 76 GHz.

have been observed experimentally in normal dispersion system [40], however this
never means soliton step in anomalous dispersion system (corresponding to change
of soliton number) [106]. In this condition, comb repetition rate keeps 1-FSR from
start to end, and temporal waveform in (III) seems mode-locked state even though
the shape of temporal waveform is similar to platicons.

When we set the offset frequencies in blue shaded region in Fig. 5.7(a), initial
sideband are generated at 1-FSR. This is expected results according to some previ-
ous works [39–41] since the 1-FSR resonant mode is the point where local dispersion
change occurs. However, we observe different trend (initial sidebands can be gener-
ated at multi-FSR) when we choose the offset frequency in red shaded region. In this
region, many resonant modes satisfy the phase matching condition simultaneously
(see red shaded region in Fig. 5.3) because the pump mode exhibits large red-shift
due to the strong mode interaction between two center frequencies. This result sug-
gests that greatly strong local anomalous dispersion leads to ignore the analogy of
arbitrary-FSR comb generation via mode coupling induced local dispersion change
as recently reported in [107]. Moreover, such unstable (oscillating) behavior may be
closely related to the noisy comb state in 1-FSR comb generation and the dynamics
of inter-mode breathing [98,105].

To reveal the mechanism behind these behavior more clearly, detailed theoretical
and quantitative analysis should be conducted. However, analysis of phase-matching
condition and calculation model proposed here can support practical experiment
with respect to predicting optical spectrum and temporal waveform.
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5.5 Summary

In conclusion, we studied nonlinear coupled mode equations to simulate mode cou-
pling assisted Kerr comb generation in normal dispersion system. FSR-selectable
comb generation are investigated by the theoretical analysis and calculation results
shows good agreement with experimental results in previous work. Besides, we in-
vestigated the dynamics of oscillating behavior during detuning sweeping, which is
very sensitive to the chosen parameter. The proposed model and analysis will as-
sist practical experiments on mode coupling assisted normal dispersion Kerr comb
generation, in particular, the engineering and design of coupled cavities to obtain
desired Kerr frequency comb.
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Chapter 6

Third-harmonic blue light
emission via Kerr clustered
combs and dispersive waves

We demonstrated the deterministic generation of blue light emission
(438 nm) via the third-harmonic process from an infrared pump by care-
fully engineering the dispersion of a high quality factor whispering gallery
mode microcavity. We present two different approaches to obtaining
broad bandwidth light. One is based on a clustered comb and the other
employs a dispersive wave, and a broad Kerr comb spanning a half-octave
is obtained. This allowed frequency conversion over a broad bandwidth
ranging from 438 to 612 nm. This approach will enable the development
of micro-scale light sources and frequency converters for future optical
processing.
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CHAPTER 6. THIRD-HARMONIC BLUE LIGHT EMISSION VIA KERR
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6.1 Introduction

Whispering gallery mode (WGM) microcavities have attracted great interest as
platforms in the field of nonlinear harmonic generation for obtaining visible light
from infrared light. Visible light emission with an on-chip CMOS-compatible op-
tical device is expected to be used to provide a compact light source and an op-
tical frequency converter. Third-harmonic conversion using optical microcavities
has been researched not only in WGM microcavities but also in photonic crystal
waveguides [108], droplets [109], tapered fiber [110], and waveguide resonators [111].
Frequency-mixing processes such as second- [112–114] and third-order optical non-
linearities occur efficiently in microcavities as a result of optical field enhancement
due to a high quality factor (Q) and a small mode volume.

The first demonstration of a continuous wave third-harmonic emission in a WGM
mirocavity was reported by using a silica toroid microcavity [115]. Subsequently,
second- and third-harmonic generation has been demonstrated in a silicon nitride
(Si3N4) microring. Both harmonic generation from a pump and multi-color emission
via SRS-assisted third-order sum frequency generation (TSFG) have been demon-
strated in a silica microsphere [44] and in a silica microbottle [116]. Some groups
have also demonstrated comb-like spectrum generation at visible wavelengths via
second- and third-order nonlinearities with Si3N4 microring [117,118] and aluminum
nitride (AlN) ring [119]. Multiple wavelength generation has been demonstrated by
making use of frequency mixing processes (e.g. Second-harmonic generation (SHG),
Third-harmonic generation (THG), Sum-frequency generation (SFG)) followed by
Kerr comb generation at the pump wavelength and optical parametric oscillation
(OPO) [120]. It should be noted that the dispersion is usually normal in a short
wavelength regime due to the material dispersion, and so is usually unsuitable for
demonstrating FWM parametric oscillation process [46].

Recently, we also demonstrated broadband visible light generation by using THG
followed by cascaded FWM and SRS in a silica toroid microcavity, which enabled
the generation of broad bandwidth visible light [121]. Previous studies have reported
approaches to visible light generation in longer wavelength regimes such as yellow,
orange, and red by using SRS [44,116,121]. However, as yet there has been no study
on third-harmonic generation in a shorter wavelength regime (blue or ultraviolet)
with the infrared pump. Moreover, no one has yet demonstrated the deterministic
generation of visible wavelength light at the designed wavelength by managing the
dispersion of the microcavity modes.

In this work, we experimentally demonstrate blue light emission via THG and
TSFG followed by FWM in a silica toroid microcavity. Compared with previous re-
ports on visible light emission, we can reach a much shorter wavelength by taking ac-
count of the dispersion at the telecom wavelength [122] and obtain a spectrally broad
Kerr comb reaching half an octave. By using modes with a well-characterized disper-
sion, we will deterministically generate short wavelength light, which was previously
impossible. In particular, we will demonstrate two different methods; one based on
clustered comb generation [123] and the other based on a dispersive wave [60, 124].
Both schemes will allow us to obtain a comb spectrum in the 1.1 to 1.4 µm wave-
length range, which will allow us to reach the blue wavelength via a THG and TSFG
process. In addition, we will show numerically that the second-order transverse mode
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is suitable as a pump mode for efficiently converting and expanding the wavelength
regime of converted light in a silica toroid microcavity system.

6.2 Dispersion engineering for Kerr clustered comb

First, we describe our demonstration scheme on blue light generation using a clus-
tered comb. Recently, a new type of Kerr comb, consisting of comb clusters far
from the pump frequency achieved by the effect of the even orders of the high-order
dispersion has been reported [123]. We emphasize that the fourth-order dispersion
D4 enables the phase matching far from the pump mode. The mode number where
the initial sideband of Kerr clustered comb is generated can be estimated by,

µ =

√

−12
D2

D4
. (6.1)

From above expression, we can easily see that the weak normal dispersion (D2 < 0)
and the positive fourth-order dispersion (D4 > 0) are necessary to obtain the clus-
tered comb (anomalous dispersion D2 > 0 induces conventional Kerr comb genera-
tion).

Here we investigate phase-matching point for the clustered comb when changing
pump wavelength in a silica toroid microcavity with a major diameter of 54 µm
and a minor diameter of 8 µm. We note that second-order TE mode is assumed
as a pump mode here. Figure 6.1(a) shows the value of the frequency difference
(ω0+µ+ω0−µ− 2ω0) as a function of pump wavelength, where the comb lines will be
generated at the point where the value is close to zero. Phase-matched wavelength
versus pump wavelength is shown in Fig. 6.1(b). When we pump the shorter resonant
wavelength, the clustered comb generates in further wavelength from the pump
mode.
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Fig. 6.1: (a) FEM calculation results of frequency difference (ω0+µ + ω0−µ − 2ω0) in
a silica toroid microcavity with a major diameter of 54 µm and a minor
diameter of 8 µm.. (b) Phase-matched wavelength for Kerr clustered comb
when changing pump wavelength.

As a result of the generation of the clustered comb at a wavelength far from
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the pump wavelength, we should be able to obtain a blue light emission when THG
follows clustered comb generation.

6.3 Analysis of phase-matching condition for efficient

third-harmonic generation

6.3.1 Phase-matched transverse mode in visible wavelength

To achieve third-harmonic conversion, phase matching between the pump and TH
modes must satisfy [115]. First, momentum conservation must be considered, which
requires the wavenumber of the pump mode kp to be three times smaller than that
of the TH mode kTH (kTH = 3kp). When the momentum conservation requirement
is met, we next need to take energy conservation ωTH = 3ωp into account. It should
be noted that the energy conversion requirement is not automatically met even when
momentum conservation is achieved, due to cavity dispersion. It is usually difficult
to satisfy the phase matching condition when we only consider the fundamental
transverse mode. Therefore, we use a high-order mode for the visible light mode.
This will compensate for the frequency mismatch, which is defined as ∆ω = 3ωp −
ωTH. The frequency mismatch is the difference between the resonance frequency
of TH and the triple frequency of the corresponding pump mode, so the frequency
mismatch needs to be close to zero to achieve efficient conversion. The efficiency also
depends on the spatial mode overlap between the pump and TH modes in addition
to the frequency mismatch.

Multi-color visible light emission via THG has been achieved by the Stokes com-
ponents of SRS, and therefore the wavelengths of visible light converted from infrared
light are longer than one-third of the pump wavelength in the 1550 nm band. In
this respect, it is necessary to generate Kerr combs in the 1.1 to 1.4 µm region for
blue light generation via THG.

First, to investigate the effect of the momentum and energy matching condi-
tions on the generation of a blue visible light emission, we calculated the resonance
wavelengths from 400 to 480 nm by using the finite element method (COMSOL Mul-
tiphysics). In the same way, we calculated the resonance frequencies of the pump
mode, whose azimuthal (i.e. longitudinal) mode number is equal to one-third of
the mode number of the TH mode. The microcavity is a silica toroid with a major
diameter of 54 µm and a minor diameter of 8 µm. We define the fundamental WGM
as q = 1 and p = 0 (i.e. TE(1,0)) where q and p are the mode number in the
radial and polar directions, respectively [125]. Figure 6.2(a) shows the normalized
frequency mismatches between the TE(1,0) (fundamental) pump mode and differ-
ent modes at visible wavelengths. Figure 6.2(b) is the same as (a) but with TE(1,1)
(second-order) pump modes. Figure 6.2(a) shows that the optimum TH mode is
TE(2,4) when we pump with the TE(1,0) mode. The optimum mode is TE(2,7)
when we pump with the TE(1,1) mode. From these results, we found that a TH
mode that satisfies momentum and energy matching is usually present regardless of
the pump mode.

In addition, we observed that the variation in the mismatch as a function of
the wavelength is smaller in Fig. 6.2(b) than in 6.2(a),which suggests that pumping
at higher order modes allows us to realize phase matching in a broader wavelength
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Fig. 6.2: (a,b) Calculated normalized frequency mismatch ∆ω/ωp between the pump
modes (TE(1,0) and TE(1,1)) and several visible modes in the blue wave-
length regime, respectively. The phase-matched TH modes are shown in red.
(c,d,f,g) Intensity distribution for the pump modes and the phase-matched
TH modes. (e,h) Overlap of the electric field distribution between the re-
spective pump and TH modes.

regime. We also calculated the mode overlap integral
∫

E3
pE

∗

TH dA for the pump
and TH modes to investigate the conversion efficiency. The results indicate that
a pair consisting of TE(1,1) and TE(2,7) exhibits 3.1 times larger overlap than a
pair consisting of TE(1,0) and TE(2,4). The reason for the big difference in the
conversion efficiency becomes clear when we look at the mode profiles. Figure 6.2(c)
and 6.2(d) are the mode cross-sections of TE(1,0) and TE(2,4), and Fig. 6.2(e) shows
the overlap of between the pump and TH modes. Figure 6.2(f)-(h) are the mode
cross-sections for TE(1,1), TE(2,7), and the overlap. Since we need higher order TH
modes to satisfy the phase matching condition, the use of a higher order mode as a
pump is more advantageous than using a lower order pump mode.

From the above discussions, we found that pumping in a high-order mode, par-
ticularly in the TE(1,1) mode, is suitable for obtaining both a broad bandwidth
and efficient conversion. Since TH modes that obey the conservation laws are usu-
ally present, we can now focus on the dispersion of the TE(1,1) mode at telecom
wavelengths.

6.3.2 Phase-matched mode in pump wavelength

Next, we consider phase-matching condition in pump wavelength for realizing clus-
tered comb scheme. Figure 6.3(a) shows the calculated total dispersion Dtot =
(1/2)D2µ

2 + (1/6)D3µ
3 + (1/24)D4µ

4 of the TE(1,1) mode (Fig. 6.2(f)), where µ
is the mode number. Figure 6.3(b) shows the value of the frequency difference
(ω0+µ + ω0−µ − 2ω0) as a function of µ calculated from Fig. 6.3(a), where the comb
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lines will be generated at the mode number µ = 27, which are 33.3 THz (225 nm
blue-shifted) from the pump line. Figure 6.3(c) and 6.3(d) show the simulation
results with Lugiato-Lefever equation.

These results show that the primary comb lines corresponding to µ = 27 can be
generated, and the third-harmonic light of the idler light is in the blue wavelength
regime.
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Fig. 6.3: (a) Calculated total dispersion Dtot of TE(1,1) mode. (b) Frequency differ-
ence (ω0+µ + ω0−µ − 2ω0) of TE(1,1) mode. The points at which the sign
changed describe the phase matched mode number. (c,d) Simulated results
of Kerr clustered comb during laser scanning from blue to red side.

6.4 Experimental results

6.4.1 Mode identification by dispersion measurement

With the calculation results in Section 6.3 in mind, we fabricated a silica toroid
microcavity with a major diameter of ∼ 54 µm and a minor diameter of ∼ 8 µm.
First, we measured the dispersion to specify the TE(1,1) mode to use as the pump
mode [15]. Figure 6.4(a) and (b) show the results of dispersion measurement for
TE(1,0) (fundamental) and TE(1,1) (second-order) mode. The dispersions agree
well with the calculation, and we can use them to distinguish the pump mode exper-
imentally. The variation between the experimental (red circles) and the theoretical
(blue dashed line) results is mainly attributed to the anti-crossing behavior with
higher order modes.

6.4.2 Observation of third-harmonic blue light generation

In this section, we describe experimental results of third-harmonic blue light gen-
eration. The experimental setup is shown in Figure 6.5. A tapered fiber with a
diameter of ∼1 µm was used to couple pump light. We used a spectrometer aligned
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persions of fundamental mode TE(1,0) and selected pump mode TE(1,1),
respectively.

with a focusing lens to monitor the scattered TH light from the cavity surface. A
CMOS camera was also used to image the light emission. The infrared output was
measured (1.2 to 2.4 µm) using an OSA.

TLD EDFA
Microcavity

POL OSA

SPMCamera

Fig. 6.5: Experimental setup. TLD, tunable laser diode; EDFA, erbium doped fiber
amplifier; POL, polarization controller; OSA, optical spectrum analyzer
(1.2∼2.4 µm); SPM, spectrometer. An objective and an imaging lens were
attached to three-axis stage and used to monitor the scattered visible light.

When we pumped the TE(1,1) mode at a wavelength of 1539 nm with an input
power of ∼380 mW, we observed a clear blue light emission. The Q of the pump
mode was 6 × 106. Figure 6.6(a) shows the infrared and visible spectra when we
observed the blue light emission. The blue light has a wavelength of 438 nm, and
this agrees perfectly with the TH light of the 1314 nm idler light obtained in the
infrared wavelength region. In the infrared region, single-mode signal and idler are
generated far from the pump wavelength, where those lights are exactly 27-FSR
from the pump, which is in perfect agreement with the predicted mode number in
the calculation. By slightly detuning the pump to the red wavelength side, new
comb lines (i.e. a clustered comb) were generated near the primary comb lines
(Fig. 6.6(b)). In this case, TSFG was observed at a wavelength at 457 nm. The
generation of 457 nm light is the result of the mixing of two photons at mode number
µ = 26 and one photon at µ = 6, where the contributing lines are shown in pink
in the figures. When we further detune the pump towards a longer wavelength, we
observed a broad bandwidth IR comb spanning half an octave, and 5 peaks (438,
457, 459, 489, and 515 nm) were generated via THG and TSFG in the visible region
(Fig. 6.6(c)). The asymmetric shape in the IR spectrum at 1.6 ∼ 1.8 µm is the
result of the SRS gain in silica. By changing the coupling between the tapered fiber
and the cavity, and the detuning of the pump, we finally observed the generation of

77



CHAPTER 6. THIRD-HARMONIC BLUE LIGHT EMISSION VIA KERR
CLUSTERED COMBS AND DISPERSIVE WAVES

visible light with a very broad bandwidth ranging from 438 to 612 nm, which covers
the entire visible wavelength regime as shown in Fig. 6.6(d). Indeed, a spectrally
broad Kerr comb contributed to us obtaining visible light with a 194 THz bandwidth
via THG and TSFG. In this case, different transverse TH modes help to satisfy the
phase matching condition.
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Fig. 6.6: Measured infrared and visible spectra. When the pump laser operates at
1539 nm and 380 mW and is pumped in the TE(1,1) mode, primary FWM
separated from the pump at 27-FSR was generated. The idler line enables
blue light emission via THG and SFG where the contributed lines are shown
as in pink. Under a different pump detuning condition, broad bandwidth
visible light ranging from 438 to 612 nm was observed. The red dashed line
represents the approximate geometry of the toroid cross-section.

The above results constitute the first demonstration of blue light emission via
THG with pumping in the 1550 nm band. We would like to emphasize that we made
it possible to generate short wavelength light at visible wavelengths by carefully
characterizing the dispersion of the pump mode and generating controlled Kerr
comb spectra. This top-down method will provide a new approach to this kind of
study that does not involve observing accidentally generated THG.

Here, we show another method for obtaining visible blue light via THG and
TSFG, but also with a controlled dispersion scheme. It is based on a dispersive
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wave. A dispersive wave in a microcavity is sometimes explained as an analog
of Cherenkov radiation, and is responsible for third-order dispersion [60, 124]. In
the same manner as a clustered comb, the frequency at which a dispersive wave is
generated can be controlled by engineering the cavity dispersion. On this basis, we
fabricated a silica toroid microcavity with a major diameter of 57.4 µm and a minor
diameter of 6.6 µm, whose TE(1,1) mode supports the generation of a dispersive
wave around 1.1 µm. A numerical result for the total dispersion Dtot is shown in
the inset of Fig. 6.7(a), which indicates that a dispersive wave can be generated at
mode number µ = 64. Figure 6.7(a) and (b) show spectra observed in the infrared
and visible regions. Comb lines at µ ≃ 64 in the 1.0 to 1.2 µm wavelength region
are attributed to a dispersive wave as predicted by the calculation. Indeed, we
observed a strong blue light emission at a wavelength of 478 nm due to the TSFG of
the dispersive wave lines and Raman lines. Interestingly, the dominant comb mode
in the infrared spectrum is not the Kerr comb in the vicinity of the pump but a
Raman comb around 1.7 µm in spite of the anomalous dispersion regime. Moreover,
the spectrum observed in the pump wavelength regime has a range of more than
one octave from 1.0 to 2.4 µm, which is only limited by the bandwidth of our OSA.
The importance of this demonstration is that we take advantage of the controlled
dispersion and utilize dispersive wave generation to demonstrate short wavelength
TH mode generation.
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Fig. 6.7: (a) Measured spectrum with two OSAs when we pumped the cavity at 1554
nm and 400 mW. The inset shows the calculated total dispersion of the
TE(1,1) mode. It suggests that the dispersive wave can be generated in the
vicinity of mode number µ = 64. (b) Observed visible spectrum, where the
blue light emissions (470, 478, 480, 488 nm) are generated due to a dispersive
wave around 1100 nm (µ ≃ 64). The generation of 478 nm light is the result
of TSFG from the light at 1114 nm, 1554 nm and 1818 nm.

Finally, we would like to comment on another possible approach to blue light
generation, which is via stimulated anti-Stokes Raman scattering in a WGM mi-
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crocavity [126]. Since the SRS gain in silica is very broad, weak signals centered
around 1000 cm−1 [126,127]. However, it is difficult to observe a strong emission due
to the weak gain of Raman modes. Furthermore, an anti-Stokes signal is generally
much weaker than a Stokes signal. A top-down method realized by controlling the
dispersion is also rather difficult to achieve this scheme.

6.5 Summary

In conclusion, we demonstrated a blue light emission via THG and TSFG from a
Kerr comb generated far from the pump in the 1550 nm band. This type of Kerr
comb can be ontained deterministically by engineering the cavity dispersion, and it
is possible to satisfy the phase matching condition in the blue wavelength region.
We also achieved a simultaneous multi-color visible light emission ranging from 438
to 612 nm, and the bandwidth corresponds to 194 THz. We also demonstrated that
THG and TSFG follow the generation of a dispersive wave, which is potentially
useful for visible light generation. These methods can be used to generate shorter
wavelength light emissions such as an ultraviolet emission. A continuous blue light
emission from an infrared CW pump is an important factor for realizing an on-
chip light source supporting the entire bandwidth, and this result will help us to
expand visible comb generation to the blue spectral region. The top-down method
demonstrated in this work should pave the way to achieving the arbitrary generation
of a broad bandwidth light deterministically by controlling the dispersion of the
system.
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Chapter 7

Transition between Kerr comb
and stimulated Raman comb in
silica WGM microcavities

We theoretically and experimentally investigated the transition between
modulation instability and Raman gain in a small silica microcavity with
a large free-spectral range (FSR), which reveals that we can selectively
switch from a four-wave mixing dominant state to a stimulated Raman
scattering dominant state. Both the theoretical analysis and the experi-
ment show that a Raman-dominant region is present between transitions
of Kerr combs with different free-spectral range spacings. We can obtain
a stable Kerr comb and a stable Raman state selectively by changing
the driving power, coupling between the cavity and the waveguide, and
laser detuning. Such a controllable transition is achieved thanks to the
presence of gain competition between modulation instability and Raman
gain in silica whispering gallery mode microcavities.
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CHAPTER 7. TRANSITION BETWEEN KERR COMB AND STIMULATED
RAMAN COMB IN SILICA WGM MICROCAVITIES

7.1 Introduction

Intracavity nonlinear frequency conversions have been intensively investigated using
whispering gallery mode (WGM) microcavities and microring resonators. A high-
quality factor (Q) and a small mode volume (V ) allow us to obtain optical nonlin-
earities at a very low input power because the electrical field is greatly enhanced
inside the cavity. Third-order nonlinearities such as four-wave mixing (FWM), third-
harmonic generation (THG), stimulated Raman scattering (SRS), and stimulated
Brillouin scattering (SBS) are observed and studied. In particular, cascaded FWM
is known as a basic mechanism for the generation of a Kerr comb [24,47,48,128–130],
which is expected to be used for various applications. A better understanding of
Kerr comb generation obtained theoretically and experimentally will boost the use
of this technology.

In addition to Kerr comb generation, much attention has been paid to SRS in
microcavity systems made of different materials [131–134]. SRS is explained as an
interaction between a pump photon ωp and a Stokes photon ωs where the frequency
difference ωp −ωs matches the molecular vibration frequency ωv, which is known as
the Stokes shift or Raman shift. The amount of frequency shift is dependent on the
material, and it has a broad bandwidth gain of more than 40 THz with a Stokes shift
of 13 THz [75] in silica glass. The use of SRS in microcavities is attractive for such
applications as Raman lasers [131, 132, 134–141], sensing [142] and self-frequency
shift devices [143, 144]. The first observation of SRS in a silica microcavity was
demonstrated in a microsphere [135,136]. Many theoretical and experimental studies
were subsequently conducted in silica toroids [42, 137, 138, 140, 145], rods [6], and
bottle resonators [146]. Recently, the influence of the SRS process on microresonator
Kerr comb generation has attracted a lot of attention as regards finding a way to
enhance or suppress the SRS process. Studies have been undertaken on the influence
of Raman scattering on soliton and Kerr comb generation [144, 147], the nonlinear
coherent interaction between a Kerr comb [134, 148] and a Stokes soliton [43], and
a transverse mode interaction via an SRS comb [42].

In this work, we studied the competition between modulation instability (MI)
and Raman gain theoretically and experimentally. First we discuss the theory of
gain competition to explain the transition between a Kerr comb and SRS and then
calculate the system with the Lugiato-Lefever equation (LLE) [70]. Next, we per-
formed an experimental demonstration of the transition from the FWM dominant
Kerr comb to the SRS dominant state in a silica toroid microcavity. Although some
previous studies have reported on the transition between parametric oscillation and
SRS [128,145], these studies only focused on a comparison of the maximum gains of
the MI and SRS, and did not consider the resonance effect of the microcavity sys-
tem. Recently, the competition between the Raman and Kerr effects in crystalline
microresonator whose Raman gain is narrow has been studied [149], however, we
focus the competition between a multi-FSR comb and a Raman state with broad
Raman in silica microcavity in this work.
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7.2 Theory and analysis

7.2.1 Theory of the MI and Raman gains in a silica microcavity

MI is a phenomenon that induces a parametric oscillation from vacuum fluctuations
in nonlinear materials. When the system is pumped with a continuous wave (CW)
input, sidebands with frequencies other than the pump frequency are generated.
When the phenomenon takes place in a microcavity system it initiates cascaded
FWM and forms coherent broad spectral Kerr combs. The gain spectrum g(Ω) of
the MI including the loss in an optical fiber is derived from the nonlinear Schrödinger
equation (NLSE), as described in [75],

gfib(Ω) = −αfib + |β2Ω|
√

Ω2
c − Ω2, (7.1)

where,

Ω2
c =

4γP0

|β2| , (7.2)

is the frequency of the gain peak. Ω, β2, γ, αfib, and P0 are the modulation frequency,
second-order dispersion, nonlinear coefficient, propagation loss, and optical power,
respectively. On the other hand, MI gain in an optical microcavity is obtained from
the LLE [70], which is an expansion of the NLSE used to describe the linear and
nonlinear dynamics in an optical cavity. The equation is given as [150,151],

gcav(Ω) = −αcav +
√

(γLP0)2 − (δmiss)2, (7.3)

where,

δmiss = δ0 − β2

2
LΩ2 − 2γLP0, (7.4)

is the phase-mismatch due to the detuning, dispersion and nonlinear phase shift.
αcav, L, and δ0 = tR(ω0 − ωp), are the loss of the cavity per roundtrip, the cavity
length, and the phase detuning of the input frequency ωp to the resonance frequency
ω0 (tR is the cavity roundtrip time). In both cases, the higher order dispersions are
neglected for simplicity.
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Fig. 7.1: MI gain spectra for a fiber (a) and microcavity (b) system with different
pump powers. The peak of the MI gain shifts away from the pump frequency
in both cases, but the gain is zero close to the pump frequency in the cavity
case.

Figure 7.1 shows these gain spectra for an optical fiber and cavity system. One
important difference between these two systems is that the MI gain is continuously
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present for the fiber system but it is absent at frequencies close to the pump fre-
quency for the cavity system. This is because of the presence of the cavity detuning,
where the solution of Eq. (7.3) will be imaginary. The input power influences changes
the phase-mismatch term, so the gap becomes larger when the input power is larger.

Another difference between these two systems is that the microcavity system
has a discrete density-of-states; namely discrete longitudinal resonance frequencies
separated by the FSR. This causes unique behavior with respect to the equidistantly
spaced FWM generation that results from MI gain in a microcavity system. With
a large cavity such as a fiber based ring cavity (i.e. a small FSR system), the MI
gain always overlaps a number of longitudinal modes. As a result, the frequency
of the spectrum envelope of the generated FWM continuously shifts away from
the pump when we increase the input power. On the other hand, with a small
microcavity system (i.e. a large FSR system), there is a large possibility that the
MI gain will be located between the longitudinal modes. As a result, none of the
resonance frequencies of the cavity system receives the gain, and FWM generation
is suppressed. So now the question is; "How would this system behave if the cavity
exhibited Raman gain at the same time?".

It is well known that silica has a broad Raman gain, and as a result, SRS may
easily occur in a silica microcavity. The Raman gain gR per roundtrip is given
as [75],

gR = −α+ gR
bulk

P0

Aeff
Leff , (7.5)

Leff =
1

α
[1 − exp(−αL)], (7.6)

where gR
bulk = 0.6 × 10−13 m/W [75] is the bulk Raman gain of silica at a pump

wavelength of 1550 nm, and Aeff is the effective mode area. Leff is the effective
length determined by the propagation loss α. Since the Raman gain spectrum is
broad and its full-width at half-maximum (FWHM) covers more than 10 THz, as
shown in Fig. 7.2, the Raman gain spectrum always covers multi-FSRs of the WGM
microcavity system even when the cavity size is relatively small. As a result of the
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Fig. 7.2: Raman gain spectrum in silica. Blue and green solid lines show an
intermediate-broadening model and a single-damped-oscillator model, re-
spectively [127].
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broad Raman gain, the cavity always exhibits SRS gain when the system is CW
pumped.

Cavity resonances

Raman gain

MI gain(1-FSR)
Pump

1-FSR comb state

2-FSR comb state

Raman-dominant state ~13 THz

MI gain(2-FSR)

Wavelength

Wavelength

Wavelength

(a)

(b)

(c)

Fig. 7.3: Schematic illustration explaining the competition between the MI and Raman
gains in a small silica microcavity system. (a) At a low pump power. The
peak of the MI gain overlaps a pair of longitudinal modes 1-FSR from the
pump frequency. (b) At a medium pump power. The peak of the MI gain is
between the longitudinal modes of the small microcavity. The longitudinal
modes overlaps the broad Raman gain. (c) At a high pump power. The peak
of the MI gain overlaps a pair of longitudinal modes 2-FSR from the pump
frequency.

Based on the above discussion, it is easy to understand that the gain competition
between the FWM and SRS occurs in a relatively small WGM silica microcavity,
as illustrated in Fig. 7.3. When the input power is small, the MI gain overlaps a
pair of resonances 1-FSR from the pump frequency. Since the MI gain is higher
than the Raman gain, FWM generation is dominant. As a result, we can expect
to obtain a 1-FSR comb state, where cascaded 1-FSR FWM occurs while the SRS
process is suppressed [Fig. 7.3(a)]. When we increase the pump power, the MI
gain shifts away from the pump frequency as shown in Fig. 7.1. Then the MI
gain may locate between adjacent resonances in the microcavity. In this case, none
of the microcavity resonance can receive the MI gain and so FWM generation is
suppressed. However, the SRS process can occur at a 13 THz red-shifted frequency
due to the large bandwidth of the Raman gain. As a result, FWM is suppressed
and only the SRS process can occur, and the system exhibits an SRS dominant
state [Fig. 7.3(b)]. When we further increase the pump power, the MI gain matches
the next pair of resonances, namely 2-FSR from the pump. Then those resonances
receive MI gain and FWM is generated. So the system should exhibit a 2-FSR comb
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state [Fig. 7.3(c)].
In the following subsection, we describe an analytical calculation that explains

the phenomenon described above in more detail.

7.2.2 Analysis of MI and Raman gains

First, taking the optical bistable condition of a nonlinear cavity into account, we
obtain the relationship between the input power Pin and the intracavity power P0

as,

θPin = (γL)2P 3
0 − 2δ0γLP

2
0 + (δ2

0 + α2)P0, (7.7)

where θ is the coupling coefficient between the cavity and the input waveguide. Now
we can obtain P0 at a given Pin and δ0, and so we can calculate the MI and Raman
gains as a function of the input power by using Eqs. (7.3) and (7.5).

Figure 7.4(a) shows the theoretical curves of MI gains at frequencies 1-FSR
and 2-FSR from the pump frequency, along with the Raman gain. We set the
parameters as follows: pump wavelength λp = 1542 nm, refractive index n = 1.44,
nonlinear refractive index n2 = 2.2 × 10−20 m2/W, nonlinear coefficient γ = 1.79 ×
10−2 W−1m−1 (γ is given as n2ω0/cAeff ), intrinsic quality factor Qint = 5 × 107,
external (coupling) quality factor Qext = 1 × 108, and the phase detuning from cold
cavity resonance δ0 = −5.4×10−8. It should be noted that an anomalous dispersion
(β2 < 0) is required for the scheme in Fig. 7.1 to function (because phase-matching
is satisfied only when β2 < 0 under the condition δ0 ∼ 0), so we assume a silica
toroid microcavity, whose major and minor diameters are ∼ 50 µm and ∼ 7 µm,
respectively. (The fundamental mode of a small WGM microcavity usually exhibits
a normal dispersion [89]) The cavity FSR νFSR(ΩFSR/2π) = 1350 GHz, the second-
order dispersion β2 = −10 ps2/km, the effective mode area Aeff = 5 µm2, all of which
can be estimated by using the finite element method as the higher-order mode in a
silica toroid microcavity.

Figure 7.4 shows that there are three regions present, where 1-FSR MI gain,
Raman gain, and 2-FSR MI gain are dominant with respect to the input power. The
cavity exhibits MI gain 1-FSR from the pump, but the gain at 1-FSR disappears
as the input power increases. Then a power regime appears where only modes that
overlap with the Raman gain receive the gain. As we further increase the input
power, the MI gain at a frequency 2-FSR from the pump becomes larger than the
Raman gain. So the result in Fig. 7.4 directly supports our explanation in Fig. 7.3.

We define the maximum input power at which the gain at 1-FSR is equal to zero
as P1-FSR, and the minimum input power at which the gain at 2-FSR is equal to
zero as P2-FSR, as indicated in Fig. 7.4(a). The difference between these two powers
∆Pin = P2-FSR − P1-FSR is the range of the allowed input power for the system in a
Raman-dominant state. Figure 7.4(b) shows the ∆Pin as a function of the cavity FSR
for different coupling rates with the waveguide. When ∆Pin is zero, the system has
no Raman-dominant region, but the MI gain at 2-FSR is dominant. The calculation
shows for example that the FSR of the cavity must be larger than 1000 GHz to
obtain SRS when the system is operating in a critical coupling condition. Hence,
this analysis allows us obtain important information about the strategy for choosing
the cavity diameter so that we obtain a Raman-dominant state without FWM. The
presence of the SRS comb will allow us to obtain broader bandwidth light [89,121].
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Fig. 7.4: (a) Calculated MI gains at two different frequencies (1-FSR and 2-FSR from
the pump), and the Raman gain per roundtrip as a function of the input
power when Qext is 1 × 108. Only the Raman gain interacts with the cavity
modes when the input power is in the 6.5 ∼ 17 mW range, because the
MI gain is located between the 1-FSR and 2-FSR resonant modes. (b) ∆Pin

versus the cavity FSR at three different coupling conditions. ∆Pin = P2-FSR−
P1-FSR is the allowed power range for obtaining the Raman-dominant state.
The arrow is at the condition for (a).
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The result shows that an under coupling condition (Qext > Qint) in addition to the
choise of a large-FSR (i.e. a small diameter microcavity) is suitable for obtaining a
Raman-dominant region over a broad range.

We also investigated using a stronger pump, to determine whether this unique
feature exists in the transition from 2-FSR to 3-FSR state. However, the bandwidth
of the MI gain is much broader at a higher pump power, and the MI gain always
overlaps the longitudinal modes of the resonance, and it is not possible to find a
Raman-dominant region with a realistic cavity diameter.

7.3 Numerical calculation based on LLE

As mentioned in the previous section, the LLE model well describes the dynamics
of a nonlinear microcavity and should facilitate a more accurate the discussion of
MI. We consider the Raman effect on LLE as follows [71,83,148],

∂E(φ, t)

∂t
= −

(

κtot

2
+ iδ0νFSR

)

E + ivg

∞
∑

k=2

(iΩFSR)k
βk
k!

∂kE

∂φk

+ivgγfR

[

E(φ, t)
∫

hR(φ′/ΩFSR)|E(φ − φ′, t)|2dφ′

]

+ivgγ(1 − fR)|E|2E +
√

κextνFSRPin,

(7.8)

where φ is the azimuthal angle along the circumference of the cavity, t is the time
that describes the evolution of the field envelope, κtot = κint + κext is the total
decay rate given by sum of the intrinsic loss and external coupling rate, and vg is
the group velocity. It should be noted that E(φ, t) are the slowly-varying fields and
|E|2 are normalized to the optical power. The second term of the right hand side
describes the dispersion at all orders although higher order dispersions (i.e. 3rd, 4th)
are neglected in the following calculation. The third and fourth terms on the right
hand side describe the Raman and Kerr effects, respectively. fR is the fractional
contribution of the delayed Raman response, which is known as fR = 0.18 in silica,
and hR is the Raman response function, which is given as,

hR(t) =
τ2

1 + τ2
2

τ1τ2
2

exp
(

− t

τ2

)

sin
(

t

τ1

)

, (7.9)

where τ1 = 12.2 fs, and τ2 = 32 fs [75]. The Fourier transformed gain function is
shown by a green line in Fig. 7.2.

First, we set the input power at 2.5 mW to obtain the maximum MI gain at a
1-FSR frequency spacing. The other parameters are the same as those we used in
the analysis in section 7.2.2. The calculated spectrum is shown in Fig. 7.5(a) and
it is a stable comb spectrum at a 1-FSR spacing as we expected. Specifically, it is a
Turing pattern comb, which is the result of cascaded FWM process at a spacing of
1-FSR. Please note that we do not observe any spectrum component that is a result
of the Raman process. This shows that the FWM comb is dominant in this state.
Next, we increase the pump power to 10 mW and observe the output spectrum
[Fig. 7.5(b)]. The result confirms that only SRS is generated at frequency ∼13 THz
red-shifted from the pump. It shows that the Raman gain outperforms the MI gain,
and the SRS process is taking place, which agrees well with the situation discussed
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Fig. 7.5: Output spectrum of a silica WGM microcavity obtained with LLE for dif-
ferent input powers. Insets show simulated temporal waveforms. (a) Output
spectrum when the system is pumped with a 2.5 mW input. 1-FSR Turing
pattern comb is observed. (b) At 10 mW input. The peak of the output
spectrum at 1657 nm wavelength corresponds to the peak of the Raman shift
of silica. (c) At 40 mW input. A 2-FSR Turing pattern comb is obtained.
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in Fig. 7.3(b). Finally, we obtain a stable 2-FSR Turing pattern comb at an input
power of 40 mW [Fig. 7.5(c)], where no SRS process is observed. The observation
agrees perfectly with our prediction and the analytical calculation.

We would like to note that these transitions can also be observed by changing
different parameters such as the coupling Q or the detuning of the input laser light.
This result offers the possibility of switching between the Kerr comb and the SRS
comb using the same cavity simply by changing the input power or the coupling Q.

7.4 Experimental observation of gain transition

Finally, we describe the experiment we performed to confirm the above analysis. We
fabricated a silica toroid microcavity with a major diameter of ∼50 µm and a minor
diameter of ∼7 µm. The measured Q factor of the pump mode was 1.8×107 as shown
in the inset of Fig. 7.6(a). The pumped resonance exhibits a slight mode splitting
due to backscattering of light [98]. We coupled the CW input to the microcavity with
a tapered optical fiber setup, where the transmitted optical power and the output
spectrum were recorded with a power meter and an optical spectrum analyzer. In the
experiment, we changed the laser detuning over the resonance, which is equivalent
to changing the cavity coupling power. The input pump power was 250 mW and
the operating laser wavelength was ∼1546 nm.

The experimental results are shown in Fig. 7.6. When we gradually changed the
input laser detuning from a short to a long wavelength, we first obtained a stable
output spectrum as shown in Fig. 7.6(a). Although we did not monitor the laser
detuning, the experiment is performed in effectively blue detuned region. Therefore
it is thermally stable [152]. It exhibited a 1-FSR comb, which corresponds to the
case in Fig. 7.5(a). It is a Turing pattern comb since the detuning of the input
light is located on the effectively blue detuned side of the cavity resonance. To
increase the coupling power, we then slightly changed the detuning of the pump to
a longer wavelength. Then the spectrum changes, and a broad spectrum is obtained
as shown in Fig. 7.6(b). The spectrum is broader than that in Fig. 7.6(a), because
the cavity is pumped with a stronger laser field as a result of stronger coupling of
the input light due to smaller detuning from the cavity resonance. It also shows
some evidence of the Raman process, since the spectrum is broadened towards the
longer wavelength side. In addition, it shows evidence of the transition from a 1-FSR
comb to an SRS comb. When we further changed the detuning of the input, the
spectrum exhibited a great change where the Kerr comb disappeared and an SRS
comb appeared, which shows that the system is now in a Raman-dominant state
[Fig. 7.6(c)]. We observe non-equidistant modes, which is the result of the coupling
with different transverse modes that could occur during the SRS process [42]. When
we detune the input further, which corresponds to the highest coupled power in
Fig. 7.6, SRS comb disappeared and an 2-FSR comb was observed as shown in
Fig. 7.6(d). It should be noted that the wavelength component around 1675 nm is
due to the remaining Raman effect, though the power is very weak. Although we
often observe the coexistence of the FWM and SRS processes [89,121], particularly
when we carefully design the dispersion of the cavity system, here we clearly observed
the transition from FWM to the Raman state and then back to the FWM state. The
experimental results agree well with the analysis and the simulation, which indicates
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Fig. 7.6: Measured output spectra from a silica toroid microcavity pumped at different
detuning (i.e. different coupling power). The wavelength of the input laser
is swept from a shorter (a) to a longer (d) wavelength. (a) When the pump
is largely blue detuned, a 1-FSR comb is obtained. The inset shows the
measured transmission spectrum. (b) When the wavelength of the input
laser is lengthened (i.e. smaller detuning), the spectral envelope of the 1-FSR
comb becomes broader. In addition, long wavelength components start to
appear. (c) When the detuning is smaller than (b), the FWM lines disappear
and only the SRS comb is observed. (d) When the detuning is at its smallest,
a 2-FSR comb is observed.
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that the transition from FWM to the Raman-dominant state is present in a silica
microcavity system when we try to switch between different-FSR Kerr comb states.

7.5 Summary

We theoretically and experimentally demonstrated the gain transition between FWM
and SRS dominant states in a silica WGM microcavity. Steady-state analysis
and simulation using LLE allowed us to reveal the phenomenon, where a Raman-
dominant state is present between Kerr comb states with different-FSRs due to
the broadband Raman gain of silica. Although a Raman comb is of high inter-
est in terms of extending the wavelength regime of the microresonator frequency
combs, this study revealed that we need to choose the cavity size, the gap between
the cavity and the waveguide, and the input power carefully, in order to obtain a
Raman-dominant state. This finding will also help studies on efficient Raman lasing
or sensing applications in silica microcavities.
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Summary and Outlook

This thesis gives novel findings with respect to optical nonlinear effects and mode
coupling in high-Q optical microcavities. I revealed the effect of counter-propagating
light caused by inherent surface scattering on Kerr comb generation. Even though
mode coupling sometimes affects soliton formation, we can utilize the mode coupling
for dark soliton generation by managing the condition. I showed that mode inter-
action between different transverse mode induces efficient conversion from infrared
light to visible light, and competition between four-wave mixing and stimulated Ra-
man scattering. In conclusion, mode coupling between different cavity modes plays
various roles in nonlinear frequency conversions including Kerr comb generation,
visible light emission, and stimulated Raman scattering. And I believe obtained
results and knowledge from this thesis will help to realize innovative application in
the future.

Effect of clockwise and counter-clockwise mode coupling on Kerr comb
generation

Clockwise and counter-clockwise mode coupling is inherent phenomenon in high-Q
WGM microcavities because it happens accidentally via surface attached particles
and defects. Therefore it may affects stable Kerr comb generation and soliton forma-
tion. I experimentally and theoretically studied the effect of CW-CCW mode cou-
pling on Kerr comb generation using silica toroid microcavities which show strong
mode coupling. Numerical simulation were performed using coupled Lugiato-Lefever
equations (LLE) and revealed the range of the coupling strength in which a soliton
pulse can be obtained in the CW direction. I investigated both case of silica toroid
and silicon nitride microresonators, and obtained similar results with respect to
probability of soliton formation. Experimental results showed that power ratio be-
tween the CW and CCW comb modes depends on the coupling strength, and they
agree well with the simulation results.

Numerical investigation of mode coupling induced Kerr comb generation
in normal-dispersion coupled microcavities

Mode coupling induced Kerr comb generation is a useful method to obtain broad
bandwidth Kerr comb even in spite of normal dispersion system. I studied nonlin-
ear coupled mode equations including mode coupling between two different mode
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families. A theoretical analysis to consider phase-matching condition allows to pre-
dict a position of initial comb sidebands. The proposed model and analysis will
assist practical experiments on mode coupling assisted normal dispersion Kerr comb
generation and understanding of dark soliton formation.

Third-harmonic blue light emission via Kerr clustered combs and disper-
sive waves

I proposed the deterministic generation of visible light emission via the third-harmonic
process from an infrared pump by care- fully engineering the dispersion of a high
quality factor WGM microcavity. Clear blue light emission in silica toroid micro-
cavity was demonstrated for the first time in silica toroid microcavity. Higher-order
dispersion (e.g., third- and fourth) acts a key role in the formation of unique Kerr
comb over a broad bandwidth ranging from 438 to 612 nm. The top-down method
demonstrated here should pave the way to achieving the arbitrary generation of a
broad bandwidth visible light deterministically by controlling the dispersion of the
system.

Transition between Kerr comb and stimulated Raman comb in silica
WGM microcavities

Transition between modulation instability gain and Raman gain in a small silica
microcavity with a large free-spectral range (FSR) was investigated theoretically
and experimentally. We can selectively switch from a four-wave mixing dominant
state to a stimulated Raman scattering dominant state by changing the driving
power, coupling between the cavity and the waveguide, and laser detuning. This
finding will also help studies on efficient Raman lasing or sensing applications in
silica WGM microcavities.
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